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Abstract

Transaction fees and taxes fare prominently in policy debates. We derive opti-
mal transaction fees as the solution to a pricing problem faced by intermediaries
and show that no mechanism performs better. We show that a higher elasticity of
supply and a larger weight on the intermediary’s profits lead to higher fees. Coun-
terintuitively, more elastic demand may increase fees. We show that extreme value
theory implies asymptotic optimality of linear fees in thin markets. Our theoretical
results fit empirical observations in several industries with intermediaries.
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1 Introduction

Internet platforms, brokers, and governments around the globe charge commission fees

and taxes that are paid when a transaction occurs. Examples include the indirect taxes

imposed by governments, the percentage fees charged by real-estate brokers, headhunters,

and stock brokers, and the commission fees charged by auction houses and trading plat-

forms such as Sotheby’s, Christie’s, eBay, iTunes, and Amazon. In the United States

alone, the annual volume of trade via intermediaries who charge fees is in the order of

trillions of USD.1 Transaction fees also fare prominently in public policy debates on issues

as various as credit-card fees, allegations of collusive commission fee-setting by auction

houses and real-estate agents, antitrust investigations into pricing by internet platforms,

the – at times, drastic – increases of value-added taxes in the wake of the global financial

crisis, or the introduction of financial transaction taxes in the European Union (EU).2

Little is known to date about the effects and determinants of the structure of such fees

and as to when their use dominates alternative trading mechanisms.

In this paper, we analyze the fee structure from an optimal pricing perspective. Our

focus is on thin markets in which every seller owns a unique object and faces only a

small number of buyers in every period. Assuming independent private values on both

the seller’s and the buyers’ sides, we show that there is no loss of generality by focusing

on fee-setting insofar as no mechanism fares better. Interestingly, more elastic demand

may lead to higher optimal fees, and linear fees are asymptotically optimal in increasingly

thin markets.

We show a connection between the asymptotic optimality of linear fees in thin mar-

kets and asymptotic results from extreme value theory. This connection is deep and

1See, for example, Department of Justice (2007) for real-estate brokers and Business Wire, February
2014: “U.S. 2013 Credit and Debit Card Purchases Increased 8% Over 2012: Break $4 Trillion Barrier
for First Time” for credit and debit cards.

2The European Commission published its revised proposal to introduce a financial transaction tax on
February 14, 2013 (see The Economist on February 23, 2013: “Bin it - Europe’s financial-transactions
tax”). A previous version of the proposal already had been approved by the European Parliament
and the Council of the European Union. Notwithstanding the Tobin tax as the standard economics
rationale for such a measure, the proposal for a financial-transactions tax has been primarily motivated
by a desire or need to increase tax revenue. For Amazon, which uses linear fees in 33 of the 38 categories
it uses for third-party sellers, revenue from the long tail of the distributions appears to be quantitatively
important.

https://www.economist.com/news/leaders/21572205-plans-transactions-tax-ought-be-dropped-bin-it
https://www.economist.com/news/leaders/21572205-plans-transactions-tax-ought-be-dropped-bin-it
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novel. As markets become increasingly thin, the distributions of participants’ valuations

converge to Generalized Pareto distributions. This in turn implies convergence to linear

fees. Besides providing an explanation for the linear fees often observed in practice, our

asymptotic results allow for a surprisingly tractable analysis for an otherwise intractable

problem.

While the result that more elastic demand can lead to higher optimal fees is coun-

terintuitive, this and other results can be explained with concepts from monopoly and

monopsony pricing. The reason for the counterintuitive demand-elasiticity effect is that

the seller’s price responds endogenously to changes in demand. When this reaction is

excessive, the optimal fee needs to increase to partly offset this price endogeneity ef-

fect. For the limiting linear fees, the seller’s and the intermediary’s pricing incentives

are perfectly aligned, so that the optimal fee is independent of the elasticity of demand.

Our paper contributes, first and foremost, to the growing literature that applies

insights and methods from mechanism design to pertinent questions in industrial organi-

zation. Recent and complementary contributions, such as Board (2008), Gomes (2014),

Tirole (2016) and Garrett (2016), have applied multi-period mechanism design to in-

tertemporal pricing and to optimal incentive schemes for platform participation. Our

paper, and the predecessor (Loertscher and Niedermayer, 2007) it builds on and super-

sedes, is the first paper to connect fee-setting to optimal pricing in thin markets with

two-sided private information as first studied by Myerson and Satterthwaite (1983). In

the companion paper, Loertscher and Niedermayer (2017), we take our model to the

data.3

This combination of market thinness and two-sided private information is also what

sets our theory apart from the existing theoretical literature on the transaction fees

of profit maximizing intermediaries (Yavas (1992), Caillaud and Jullien (2003), Hagiu

(2007), Matros and Zapechelnyuk (2008), Shy and Wang (2011), Niedermayer and Shneyerov

(2014), Johnson (2014), and Wang and Wright (2017)) and on the indirect taxes charged

by governments (Salanié (2003, Chapter 3), Delipalla and Keen (1992), and Anderson

3In Loertscher and Niedermayer (2018), we analyze transaction fees in a thick markets and show that
they may be used in equilibrium to deter entry of a competing exchange.
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et al. (2001a,b)).4 Without this combination, the theory would be silent about the func-

tional form of the fee, that is, as to whether it is fixed, a percentage fee or a non-linear

fee. This highlights a robustness of linear fees: while in thin markets they are needed

for optimality, in thick markets they do no harm, being equivalent to alternative ways

of raising revenues. Moreover, our model predicts equilibrium price dispersion, which is

consistent with the data but absent in most of the aforementioned models. We provide

a more detailed discussion later on in the paper.

Optimal mechanisms for profit maximizing intermediaries in thin markets are, for

example, studied by Myerson and Satterthwaite (1983), Baliga and Vohra (2003), and

Jullien and Mariotti (2006). To the best of our knowledge, none of the existing papers

contains an analysis of transaction fees, their structure, or their convergence to linearity.5

The remainder of this paper is organized as follows. Section 2 sets up the model, which

is analyzed in Section 3. Section 4 provides the thin market analysis based on extreme

value theory. Section 5 discusses microfoundations for transaction costs, comparative

statics, empirical implications, and extensions. It also explains why the theory of optimal

4Yavas (1992), Caillaud and Jullien (2003), Shy and Wang (2011), Johnson (2014) and Wang and
Wright (2017) assume that the seller’s cost is public information (or, equivalently, that either there is no
uncertainty about the seller’s cost or that there is perfect competition between sellers). In Matros and
Zapechelnyuk (2008) the seller’s cost is sunk after he chooses to go to the intermediary, which can be
best seen by considering the one period version of their model. Therefore, the seller’s private cost only
matters for his participation decision, but not for anything that happens after he chooses to participate
(in particular for the reserve and transaction price). In Niedermayer and Shneyerov (2014) there is a
continuum of sellers and buyers, so that by the law of large numbers there is no uncertainty about the
realized distribution of sellers’ costs. None of these models can account for the counterintuitive effect of
the elasticity of demand on the equilibrium fees. Salanié (2003, Chapter 3) provides an overview of the
literature on indirect taxes in competitive (that is, thick) markets. Delipalla and Keen (1992); Anderson
et al. (2001a,b) consider optimal taxation with imperfect competition and public information about the
seller’s cost. The lack of relevant two-sided private information is what leads to the finding in these
articles that optimal fees or taxes are higher if demand is less elastic. Moreover, models that assume
thick markets generate an irrelevance result concerning the functional form of the fee or tax (fixed,
percentage, linear, or non-linear), because absent any uncertainty about the seller’s cost, the optimal
mechanism for the intermediary is to set the seller indifferent and choose optimal one-sided pricing for
buyers.

5Myerson and Satterthwaite (1983) are mostly cited for their impossibility result, but the paper
actually also contains a section about a profit maximizing intermediary in a static bilateral trade market.
Baliga and Vohra (2003) focus on market research rather than fees in a static model. Jullien and Mariotti
(2006) assume two-sided private information in a static model with one broker and two buyers, but focus
on fees that are a function of the reserve price rather than the transaction price without specifying the
functional form of these fees. Moreover, as mentioned, we have multiple buyers and multiple periods.
In the companion paper, we also structurally estimate the model.
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linear pricing sheds little light on the optimality of linear fees. Section 6 concludes. Proofs

and additional background material are in the Appendix.

2 Model

Motivated by the widespread use of fee-setting in intermediated markets with both long-

term and spot contracts, we set up and analyze a general infinite horizon model. Time

is discrete and indexed by t = 0, 1, .... The basic analysis assumes that there is one

intermediary and one seller. We provide extensions which relax this. The seller’s primi-

tive cost c0 is the seller’s private information and drawn from the primitive distribution

G0 with support [c0, c0] and density g0(c0) > 0 for all c0 ∈ (c0, c0). His value of the

outside option of not participating is zero. The cost c0 can equivalently be thought of as

the opportunity cost of selling or as a cost of production, both accruing to the seller in

the period he sells.6 The seller and the intermediary have the common discount factor

δ ∈ [0, 1), which may represent time preferences or the period-to-period probability that

the seller stays in the market as in Satterthwaite and Shneyerov (2008), or a combination

thereof. Setting δ = 0 yields the static model as a special case.

We assume that in every period there is a fixed number of potential buyers B, each

of whom enters with the independent probability π̃, so that the probability πB of having

exactly B ≤ B buyers is given by the probability mass function for the binomial πB =(
B
B

)
π̃B(1− π̃)B−B. Buyers who participate are sometimes also called bidders. Each

bidder draws her primitive valuation v0 independently from the (primitive) distribution

F0 with support [v0, v0] and density f0(v0) > 0 for all v0 ∈ (v0, v0). The value of the

outside option of not participating is zero for all buyers. All players – buyers, the seller,

and the intermediary – are risk-neutral.

We call the buyer’s valuation v0 his primitive valuation as we assume that there are

additional transaction costs, such as shipping costs, the option value of buying from

another source in the future, and, specifically for real estate, moving costs and the

6For example, if the good is a real-estate property, the opportunity cost of selling is given by the
discounted stream of income from renting the property or the discounted value of the flow utility from
using the property.
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opportunity of renting rather than buying. The effective valuation v := KB + K̂Bv0

takes into account these transaction costs, where KB should be thought of as type

independent transaction costs (such as shipping costs) and K̂B as type dependent costs

(such as the opportunity cost of renting). With the exception of Section 4, we will treat

the cost parameters KB and K̂B as exogenous and fixed and simplify notation by dealing

with the effective valuation v and its corresponding distribution F with support [v, v].

Analogously, on the seller’s side denote the seller’s effective costs as c := KS + K̂Sc0

with the corresponding distribution G and support [c, c].7

Denoting by f and g the densities of F and G, respectively, we assume that the

functions

Φ(v) := v − 1− F (v)

f(v)
and Γ(c) := c+

G(c)

g(c)

are monotonically increasing in their arguments and continuously differentiable. Follow-

ing Myerson (1981), Φ(v) is often called the virtual valuation while Γ(c) can be thought

of as a virtual cost function.8 For most of the analysis, we simplify notation by assuming

that c = v and c = v, an assumption that turns out not to be restrictive.9

A sequence of fee functions ω = (ωt)
∞
t=0 with ωt(p̆) specifies the amount the seller has

to pay to the intermediary when a transaction occurs in period t at the transaction price

p̆. To fix ideas, we assume that the transaction price is determined by an English auction

with reserve price pt set by the seller. It may be literally the case that the seller uses

an English auction or the English auction may serve as a model for the way bargaining

between the seller and buyers unfolds.10 The game ends in period t when a buyer bids

7Formally, the respective distributions and supports are given by G(c) := G0((c − KS)/K̂S) with
support [c, c] and F (v) := F0((v−KB)/K̂B) with support [v, v], where c := K̂Sc0+KS , c := K̂Sc0+KS ,
v := K̂Bv0 +KB , and v := K̂Bv0 +KB .

8Interpreting G(p) and 1−F (p) as expected quantities supplied and demanded, Φ(p) and Γ(p) have
the interpretation of marginal revenue and marginal cost functions (see Bulow and Roberts, 1989):
Setting q = 1 − F (p), the revenue when selling q is F−1(1 − q)q. Consequently, marginal revenue is
[F−1(1− q)q]′p=F−1(1−q) = Φ(p). Analogous reasoning applies to Γ(p).

9If one starts out with c0 = v0 and c0 = v0, then after taking into account the additional transaction
costs, one ends up with c ≤ v and c ≤ v. Sellers with costs c > v cannot find a buyer with whom they
have positive gains from trade and hence can be ignored. Similarly, buyers with valuations v < c cannot
find a seller with whom they have positive gains from trade and hence can be ignored. Therefore, we
only need to consider sellers and buyers in the interval [c, v] and truncate and rescale G and F to have
this common support.

10There are many setups that are formally equivalent. For example, given that buyers have dominant
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higher than pt.
11 The seller is not allowed to recall buyers after the period in which they

arrived.12 We assume full commitment by the intermediary throughout the paper.

The above specification is sufficiently general to include a number of setups of applied

interest. To model auction platforms and auction houses such as eBay, Sotheby’s, or

Christie’s, one may consider a one-shot setup (δ = 0) and a binomial distribution of

buyers (B > 1) who literally participate in an English auction. To capture Amazon’s

third-party sellers platform, one can think of the third-party seller as offering the good to

a potential buyer at a fixed price in a single period (δ = 0). The single buyer corresponds

to setting B = 1, in which case the English auction with a reserve price reduces to a

take-it-or-leave-it price offer equal to the reserve. To model real-estate brokerage, one

can assume that there is a seller who offers his house in multiple periods (δ > 0) to buyers

whose number is Poisson distributed in every period,13 with bargaining modeled as an

English auction (in real-estate transactions bargaining is typically intermediated by the

broker who keeps buyers informed about the highest standing offer, so that the ensuing

bargaining game is equivalent to an English auction). In all these cases, intermediaries

raise revenues by charging transaction fees.

3 Optimal Transaction Fees

For a given ωt, the seller’s expected net revenue Rωt(pt) in period t conditional on a

transaction occurring and given reserve pt is

Rωt(pt) =
(pt − ωt(pt))(F(2)(pt)− F(1)(pt)) +

∫ v
pt

(p̆− ωt(p̆))dF(2)(p̆)

1− F(1)(pt)
,

strategies, it does not matter whether the reserve price is public or remains private information of the
seller. The bargaining may also be such that the seller keeps rejecting bids that are below the maximum
of his reserve and the highest standing bid by any buyer, allowing rejected buyers to revise their bids
upwards. As briefly discussed in Section 5.3, it is also immaterial whether the auction format is an
English auction or a first-price auction, provided fees are linear and the reserve price is known by the
time buyers submit their bids.

11If 1 − δ is interpreted as the probability that the seller drops out from one period to the next, the
game can also end when the seller drops out.

12As shown by Riley and Zeckhauser (1983), this assumption is without loss of generality with a
commonly known distribution F when the seller can commit to an optimal strategy and when one buyer
enters in every period.

13Recall that a Poisson arrival rate is the limit of the binomial when B →∞ and the expected number
of buyers π̃B is kept constant.
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by standard arguments from auction theory (see e.g. Krishna, 2002), where F(1)(v) :=∑∞
B=0 πBF (v)B and F(2)(v) := F(1)(v) + (1− F (v))

∑∞
B=1 πBBF (v)B−1 are, respectively

the unconditional distribution of the highest and the second-highest valuation.14 Conse-

quently, the maximization problem of a seller of type c given ω is to choose a sequence

of prices p = (pt)
∞
t=0 to maximize his discounted expected profit

WS(c,p,ω) :=
∞∑
t=0

(Rωt(pt)− c)(1− F(1)(pt))
t−1∏
τ=0

δF(1)(pτ ),

where we use the convention of defining
∏t−1

τ=0 δF(1)(pτ ) = 1 for t = 0. Let P (c) =

(Pt(c))
∞
t=0 be the (or a) maximizer of WS(c,p,ω), whose dependence on the sequence of

fees is kept implicit for ease of notation.

Given ωt, the intermediary’s expected revenue in period t when facing a seller of type

c who sets the reserve price pt = Pt(c) is ωt(pt)(F(2)(pt) − F(1)(pt)) +
∫ v
pt
ωt(p̆)dF(2)(p̆).

Therefore, the intermediary’s discounted expected profit from a seller of type c given p

and ω is

WI(c,p,ω) :=
∞∑
t=0

(
ωt(Pt(c))(F(2)(Pt(c))− F(1)(Pt(c))) +

∫ v

Pt(c)

ωt(p̆)dF(2)(p̆)

) t−1∏
τ=0

δF(1)(Pτ (c)).

We assume that the fees ω are chosen to maximize a weighted average of the expectation

of the intermediary’s profit WI and of the joint surplus of the intermediary and the seller

WI +WS

W (α,ω) := Ec∼G[αWI(c,P (c),ω) + (1− α)(WI(c,P (c),ω) +WS(c,P (c),ω))], (1)

where α ∈ [0, 1] is a parameter measuring the intermediary’s bargaining power. It

can also be interpreted as a measure of competition between brokers for sellers, with

α = 0 corresponding to perfect competition, α = 1 corresponding to monopoly power

(or perfect collusion by intermediaries), and α ∈ (0, 1) can be seen as capturing imperfect

competition or imperfect collusion in a reduced form.15 The resulting fee structure can

14The above expression can be obtained by observing that 1 − F(1)(pt) is the probability that a
transaction occurs, the probability that the transaction price is equal to the reserve is F(2)(pt)−F(1)(pt),
and the distribution of transaction prices above the reserve is p̆ ∼ F(2).

15One way to think about perfect competition is that there are multiple sellers offering goods which
are not substitutable. Each seller is matched with one intermediary. Competition drives down profits
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then be seen as the outcome of bargaining between the intermediary and the seller. As

shown below, α = 0 implies that the fees are 0 for all prices. Observe also that the

objective function in (1) depends on ω directly and also indirectly via the seller’s pricing

behavior P (c), which depends on ω.16

The assumption that the intermediary and the seller bargain over the division (and

size) of their joint surplus captures the notion that in many markets of interest, in

particular in real-estate markets, sellers typically sign long-term exclusive dealership

contracts with brokers. According to our modeling choice, sellers who are more patient

than others would be characterized by larger opportunity costs of selling. Although space

constraints refrain us from so doing, the setup can be extended to allow for sellers who

have heterogenous deadlines and discount in non-stationary ways. Below we will show

that our assumptions regarding the menu of mechanisms that can be chosen are without

loss of generality. We will show that it is optimal to choose a second-price auction with a

reserve price set by the seller with an appropriately chosen fee structure, and we discuss

conditions under which the results extend to first-price auctions. The assumptions that

the environment is stationary and that F and G have the same support and exhibit

monotone virtual valuation and cost functions are imposed for expositional simplicity as

they do not affect the key insights from our analysis.17

It is important to keep in mind that optimality in our context means optimal pricing

by an intermediary to extract rents (for α > 0). It does not imply that the fees charged

are socially optimal: as usual when dealing with optimal pricing by a firm that has

to zero (α = 0). For imperfect competition, α ∈ (0, 1) can be thought of as a conduct parameter
that captures in a reduced form any reason that the intermediaries might extract positive rents, such
as service differentiation between intermediaries or capacity constraints. See e.g. Brander and Zhang
(1990) and the references therein for the empirical industrial organization literature using the conduct
parameter approach and e.g. Corts (1999) for a discussion of the limitations of the conduct parameter
approach. One would think of perfect collusion of multiple intermediaries as the intermediaries colluding
not to try to attract the sellers of other intermediaries by lowering their fees. Collusion may be imperfect
(α ∈ (0, 1)) due to the colluding intermediaries trying to avoid detection by anti-trust authorities or
collusion being easier to sustain in a repeated game if the collusive fees are lower.

16Maximizing W (α,ω) is equivalent to maximizing the weighted sum Ec[α0WI(c,P (c),ω) + (1 −
α0)WS(c,P (c),ω)] with α0 = 1/(2− α).

17In a previous version of our paper (Loertscher and Niedermayer, 2012), we have derived results for
the cases when these assumptions do not hold. The results gave essentially the same economic insights,
but the notation was far more tedious.
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market power and extracts rents, the pricing is not socially optimal.18

3.1 Seller Behavior

Given a sequence of fee functions ω = (ωt)
∞
t=0 the seller will choose a sequence of reserve

prices p = (pt)
∞
t=0 to maximize the expected net present value of his profits. In general,

this maximization problem is complex because the fees could be non-stationary and the

implied profit function of the seller could fail to be quasi-concave, so that the first-order

condition would not be sufficient. However, we will later show that even with an arbitrary

non-stationary mechanism one could not do better than one can by charging fees which

are stationary and imply a quasi-concave profit function for the seller. Therefore, to

reduce the notational burden, we will focus on stationary fees and reserve prices, that is

ωt = ω and pt = p for all t, and use the first-order condition for maximization.19

Given stationary fees ω and stationary prices p, the seller’s utility becomes

WS(c,p,ω) = (Rω(p)− c)(1− F∞(p)),

where

1− F∞(p) := (1− F(1)(p))

(
∞∑
t=0

δtF(1)(p)
t

)
=

1− F(1)(p)

1− δF(1)(p)
(2)

is the ultimate probability of selling (which is inspired by Satterthwaite and Shneyerov

(2007, 2008)’s notion of the “ultimate discounted probability of trade”).20 Let

Φω(p) := p− ω(p)− (1− ω′(p))1− F (p)

f(p)

18We do not deal with the question of social optimality, because of different controversial aspects
of many intermediaries which are orthogonal to the research question (optimal pricing) of this paper.
Intermediaries may extract rents to cover fixed costs of operation, which is second-best efficient if
one does not want government subsidized (or even government run) intermediaries. There is some
controversy surrounding private intermediaries, e.g. the International Labor Organization demanded a
ban of private fee-charging labor market intermediaries in its C96 convention (Fee-Charging Employment
Agencies Convention (Revised), 1949). Instead, they demanded public employment agencies. Even if one
agrees on having private intermediaries, one may be skeptical of an intermediary’s ability of extracting
rents, since an intermediary’s market power may be due to collusion. For example, there is an allegation
of collusion for real estate agents and a conviction for collusion of Sotheby’s and Christie’s.

19By using standard techniques it is possible to extend the analysis to non-optimal fees which imply
a non-stationary non-quasi-concave problem.

20If one interprets the discount factor as the probability of drop-out, 1 − F∞ is the probability of
selling taking into account that one might die with probability 1− δ in every period.
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be the net virtual valuation associated with the stationary fee ω, and define

Φ̃ω(p) := v − ω(v)−
∫ v

p

1− δF(1)(v)

1− δ
Φ′ω(v)dv.

The function Φ̃ω(p) is monotone and thus invertible if Φω(p) is monotone.

The seller chooses the reserve p to maximize WS. The following proposition gives the

solution to this maximization problem.

Proposition 1. Given a stationary fee ω that implies a monotone net virtual valuation

Φω(p), the optimal price set by a seller with cost c is P (c) = Φ̃−1
ω (c) in every period.

As mentioned, we will show that the optimal fee is such that the seller’s profit function

is quasi-concave, which is equivalent to an increasing Φω. One can show that Φω (and

hence also Φ̃ω) is increasing, provided Φ is increasing and the fee ω is linear with slope

less than 1, which proves helpful in empirical applications. For notational ease, we let

Φ̃(v) := Φ̃0(v) and R(p) := R0(p). Note that Φ̃ω can be interpreted as the net dynamic

virtual valuation function and satisfies Φ̃ω(v) = v. In a static setup (δ = 0), Φ̃ω simplifies

to the net virtual valuation Φω. If the fee is zero (ω(p) = 0 for all p), it further simplifies

to the virtual valuation function Φ.

Because of their widespread use, percentage fees ω(p) = bp with b ∈ [0, 1] are of

particular interest. Abusing notation, we write Φb(v) := Φω(v)|ω(p)=bp and Φ̃b(v) :=

Φ̃ω(v)|ω(p)=bp. We have Φb(v) = (1− b)Φ(v) and Φ̃b(p) = (1− b)Φ̃(p). Consequently, for

a percentage fee b Proposition 1 implies that the optimal price set by a seller with cost

c is

P (c) = Φ̃−1(c/(1− b)). (3)

The intuition for the above equation is that Φ̃−1(x) is the profit maximizing price set

by a monopolist with (gross) cost x. The net costs c of the seller (before fees) are 1− b

times the gross costs, hence the gross costs are x = c/(1− b).

Proposition 1 relates the seller’s optimal reserve price P (c) to the fee function ω.

Once we know ω, we know P (c) provided ω is monotone. Because the good will be sold

to the buyer with the highest value in the first period in which this value exceeds P (c),

the search for the optimal fee function can be separated into two steps. First, find the
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pricing function that is jointly optimal for the intermediary and the seller. Second, find

the fee function that induces the seller to set the optimal price. A priori it is not clear

whether such a fee function exists. A key insight of our paper is to show that it does.

3.2 Optimality of Fees

The problem of maximizing W (α,ω) over ω is tedious. Moreover, even if one succeeds

in solving this problem one will not know whether the use of fee setting is without loss of

generality. In Appendix A.2 we set up and solve the general mechanism design problem

for our model, without imposing any constraints on the mechanism other than incentive

compatibility21 and individual rationality22. Mechanisms that solve this problem are

called optimal. We show there that the focus on direct mechanisms – these are mech-

anisms that ask each agent to report his type upon arrival, provided the seller is still

in the game – is without loss of generality and that revenue equivalence holds. That

is, once the allocation rule is determined, the interim expected payoff of every agent of

every type is determined by the allocation rule up to an additive constant, which in the

optimal mechanism is set equal to zero because the individual rationality constraints will

optimally bind.

Let Γα(c) := αΓ(c) + (1−α)c be the weighted average of the seller’s virtual cost Γ(c)

and his type c. The key result from the mechanism design analysis is the following:

Lemma 1. In any optimal mechanism, the good is sold, to the buyer with the highest

valuation present in that period, in the earliest period t for which

max
i∈Bt

Φ̃(vi) ≥ Γα(c),

where Bt is the set of buyers who arrived in period t, and the expected payoff of every

buyer of type v and of the seller of type c is 0.

While the result is intuitive, the proof is surprisingly involved. The reason why one

cannot use standard mechanism design techniques is that potential future buyers have

21No participant has an incentive to choose an option that is meant for a participant of another type.
22Participants are willing to choose the option offered to them rather than the outside option.
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not yet arrived, so they cannot be asked to reveal their types in the beginning. Fur-

ther, it is not obvious how to compare probabilities of transactions and revenues from

transactions today with probabilities and revenues in the future, because of discounting.

To get around these difficulties, we use the concept of the ultimate (discounted) proba-

bility of trade introduced in Satterthwaite and Shneyerov (2007, 2008). Since on top of

the dynamic bargaining game with private information considered in Satterthwaite and

Shneyerov (2007, 2008), we also have a mechanism design problem, we need to introduce

an additional concept, the ultimate conditional expected revenue. These concepts are

described in more detail in the proof in the Appendix.23

Lemma 1 generalizes Theorem 3 of Myerson and Satterthwaite (1983) to our dynamic

setting with multiple buyers using the concept of the dynamic virtual valuation. It is

based on the insight that in any optimal mechanism, the good goes to the buyer with the

highest value in any given period if this value is above some threshold, and stays with

the seller otherwise. Lemma 1 adds to this the insight that the good goes to the buyer

with the highest dynamic virtual valuation, appropriately defined, provided it exceeds

Γα(c). Intuitively, Myerson and Satterthwaite (1983) find in a one-shot setup with one

buyer and one seller that the good is transferred whenever Φ(v) exceeds Γ(c). In the

language of optimal monopoly pricing, this means that the good changes hands whenever

marginal revenue is larger than marginal cost (see footnote 8 for why virtual types can be

interpreted as marginal revenue and marginal cost). In our setup, the dynamic virtual

valuation Φ̃(v) has to be used to adjust for the option value of future trade and the

weighted virtual cost Γα(c) to account for the weight on the seller’s utility.

In light of the remarks after Proposition 1, Lemma 1 answers the first question: it

derives the optimal allocation rule. The optimal allocation rule can be implemented via

fee setting if a seller of type c can be induced to set the reserve price

P ∗(c) := Φ̃−1(Γα(c)) (4)

in every period in which he is active. If this is possible, then bidding in the English

auction will ensure that the object goes to the buyer with the highest virtual valuation

23The ultimate conditional expected revenue sounds similar to, but is distinctively different from the
expected net present value of the revenue.
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while the reserve price P ∗(c) ensures that trade only takes place if this virtual value, that

is Φ̃, exceeds Γα(c). The discounted probability that a seller of type c who always sets

the price P ∗(c) ever sells is 1 − F∞(P ∗(c)). A seller with cost Γ−1
α (v) should optimally

set the price v and never trade. By a standard revenue equivalence argument,24 the

expected discounted payoff V (c) of a seller of type c ∈ [c,Γ−1
α (v)] who always sets the

price P ∗(c) is pinned down by the allocation rule and given by

V (c) =

∫ Γ−1
α (v)

c

(1− F∞(P ∗(y)))dy.

With this in hand, we can now describe the optimal transaction fees ωt(p̆).

Proposition 2. The optimal transaction fees implement the optimal mechanism whose

allocation rule is described in Lemma 1 and are such that for all t = 0, 1, ..

ωt(p) = ω(p) := p−

∫ v
p

[
Γ−1
α (Φ̃(v)) + δV (Γ−1

α (Φ̃(v)))
]
f(v)dv

1− F (p)
. (5)

The proof that this fee induces the seller of type c to set the price P ∗(c) in every period

is surprisingly simple. By the one-period-deviation principle, we can confine attention to

a deviation by the seller in the present period to some reserve price p and assume that

the seller sets the price P ∗(c) in every period after that, whereby he gets δV (c). The

expected payoff from so doing given the fee ω(p) defined in (5) is (Rωt(p)− c)(1−F1(p))

in the period of deviation and F1(p)δV (c) afterwards, which can be rearranged to

(p− ω(p))[F(2)(p)− F(1)(p)] +

∫ v

p

[y − ω(y)f(2)(y)dy + F(1)(p)[c+ δV (c)].

The first-order condition for a maximum is

0 = f(1)(p)
[
−Γ−1

α (Φ̃(p))− δV (Γ−1
α (Φ̃(p))) + c+ δV (c)

]
,

which follows after substituting ω(·) and cancelling terms (in particular, using the fact

that F(2)(p)− F(1)(p) = f(1)(p)(1− F (p))/f(p)). The first-order condition is satisfied at

p = P ∗(c) and because the term in brackets decreases in p, it follows that the objective

24See e.g. Myerson (1981).
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function is quasi-concave, implying that the first-order condition is sufficient for a max-

imum. Importantly, Proposition 2 implies that fee setting with the fee given in (5) is

optimal in the domain of all incentive compatible, individually rational mechanisms.

As an illustration, consider the static setup by setting δ = 0, which has been studied

extensively in the literature. With π1 = 1, we have one buyer with certainty, and if we set

α = 1, our fee-setting mechanism implements the broker-optimal mechanism derived by

Myerson and Satterthwaite (1983). For the example in Myerson and Satterthwaite (1983)

(F and G uniform on [0, 1]), the broker-optimal fee is 50%.25 It is easy to check that the

broker’s expected revenue is 1/24, which is the same as for the direct mechanism derived

in Myerson and Satterthwaite (1983). For any fixed number of buyers B (i.e. πB = 1)

and any distribution F satisfying regularity, our fee-setting mechanism specializes to the

optimal auction with reserve P ∗(c) = Φ−1(c) of Myerson (1981) if all the weight is on

the seller’s welfare (α = 0).

4 Optimal Linear Fees in Thin Markets

In principle, the optimal fee schedule can be a complicated non-linear function. Empir-

ically, however, simple, linear fees are often used. Linear fees are particularly prevalent

in thin markets such as real-estate markets and high-skill labor markets, where typically

only a small percentage of potential sellers is active in the market. As an example,

typically less than 5% of home owners offer their property for sale at a given point of

time. Amazon’s fees for third-party sellers of most types of goods (including books,

consumer electronics, and personal computers) are another case in point. We now show

how additional transaction costs whose presence induces only the most motivated traders

to participate imply that the optimal fees will be asymptotically linear. We do so by

applying results from extreme value theory to markets with fee setting.

There are various possible and mutually non-exclusive sources of such costs. The cost

of physical relocation – of moving or shipping – is one that is due to exogenous costs.

25The uniform is a special case of a mirrored Generalized Pareto distribution G(c) = cσ for c ∈ [0, 1]
with σ > 0, which yields as the broker-optimal fee of ω(p) = p/(1 + σ) for the static setup for any F
and π̃.
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In dynamic models, such transaction costs may also arise endogenously from the agents’

opportunity costs of future trade, which in any given period makes agents less inclined

to trade. To fix ideas, we will focus on the case of exogenous transaction costs, and we

will assume that after the realization of their types, and knowing the transaction costs,

agents can decide whether they want to participate in the market. Later on, we will

discuss in more detail microfoundations for such transaction costs.

To capture the notion that only a small fraction of potential traders are active, we

introduce increasing transaction costs. For simplicity, we normalize the supports of the

primitive distributions F0 and G0 from which buyers and sellers draw their primitive

types v0 and c0 to [0, 1]. We study a sequence of economies characterized by transaction

costs Kj := (KS
j , K̂

S
j , K

B
j , K̂

B
j ) and focus on the limit of this sequence, indexed by

j ≥ 0, as the cost becomes large with K0 = (0, 1, 0, 1). The distribution of effective costs

c = KS
j + K̂S

j c0 is Gj(c) = G0((c−KS
j )/K̂S

j ) and the distribution of effective valuation

v = KB
j +K̂B

j v0 is Fj((v−KB
j )/K̂B

j ). Our previous analysis directly applies by replacing

F by Fj and G by Gj.

There are many different ways in which transaction costs may reduce the fraction

of active traders. One example are moving costs for a buyer of a property, which are

additive (KB
j > 0, K̂B

j = 0). Another example is an option value x for the buyer of real

estate, which may be due to the possibility of buying another property or the possibility

of renting, such that the buyer’s willingness to pay is v = λjx+ (1− λj)v0, where λj is a

weight put on the option value that will be discussed later. For this example KB
j = λjx

and K̂B
j = 1−λj. The same applies for the seller’s transaction costs KS

j and K̂S
j . There

are many different combinations of changes of KB
j , K̂B

j , KS
j , and K̂S

j that lead to a

decrease of the fraction of active traders. However, it is not necessary to go through all

combinations. Instead, one can greatly simplify the analysis by introducing two variables

uBj and uSj whose decrease implies a decrease of the fraction of active traders. Therefore,

we defer providing microfoundations of different changes of Kj to Section 5.1 and turn

to the variables uBj and uSj in the following.

Denote the implied supports with [cj, cj] and [vj, vj], respectively. In the following, it

will be useful to think of the relevant range [cj, vj] in which the two supports overlap. It is
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also useful to define the ratio of the length of the relevant range to the length of the seller’s

support uSj := (vj − cj)/(cj − cj). Analogously, define uBj := (vj − cj)/(vj − vj) for the

buyer. Since there is a one-to-one mapping between the set of parameters (cj, u
S
j , vj, u

B
j )

and Kj, we can write the following analysis in terms of (cj, u
S
j , vj, u

B
j ).

Since sellers with c > vj trade with probability 0, a seller participates if and only if

c ≤ vj, which is equivalent to c0 ≤ uSj . Therefore, the mass of active sellers is G0(uSj ).

Analogously, the mass of active buyers is 1− F0(1− uBj ).

The analysis simplifies by normalizing c̃ := (c0−cj)/(vj−cj), ṽ := (v0−cj)/(vj−cj),

and p̃ := (p− cj)/(vj − cj). The distributions of the normalized effective cost c̃ and the

normalized effective valuation ṽ, truncated to [cj, vj] and denoted, respectively, G̃j and

F̃j, are then given as

G̃j(c̃) :=
G0(uSj c̃)

G0(uSj )
and F̃j(ṽ) := 1−

1− F0(1− uBj (1− ṽ))

1− F0(1− uBj )
,

with the normalized fee defined as ω̃j(p̃) = ω(p)/(vj − cj).26

The following proposition relies on Extreme Value Theory, which states that the

upper tail of any distribution converges to a Generalized Pareto distribution as one

moves the truncation point closer to the upper bound of the support, as long as the

distribution satisfies some weak regularity assumptions (see Appendix C for more details

on extreme value theory and also for a version of the theory with an infinite upper bound

of the support). These regularity assumptions can be shown to be satisfied in our setup.

Further, analogous mirror image results hold with regards to the lower bound of the

support. The proposition also shows the relation between Extreme Value Theory and

linear fees.

Proposition 3. Let the shifting constants cj, vj be arbitrary sequences satisfying cj < vj

for all j. Let the ratios of the relevant ranges uSj and uBj be sequences that go to 0 as j

goes to infinity. Then, as j →∞,

(i) the buyers’ and the seller’s normalized distributions converge to Generalized Pareto

and mirrored Generalized Pareto distributions, respectively: limj→∞ F̃j(ṽ) = F̃ ∗(ṽ) :=

26Despite notational similarities, the distribution F̃j has no relation to the dynamic virtual valuation

Φ̃ introduced after Proposition 1 above. We will not use virtual valuations associated with F̃j .
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1− (1− ṽ)β and limj→∞ G̃j(c̃) = G̃∗(c̃) := c̃σ for some constants β and σ.

(ii) the normalized fee ω̃j(p̃) converges to αp̃/(α + σ), that is:

lim
j→∞

ω̃j(p̃) =
α

α + σ
p̃. (6)

The constants β and σ in the Proposition are referred to as the Pareto tail indices in

the statistics literature (see Section C for some of the references) and have been observed

to be remarkably invariant over time for a number of applications.

We first provide an intuition for part (i) of the Proposition. Convergence of the

distribution is immediate when the primitive distributions G0 and F0 are (mirrored)

Generalized Pareto distributions on [0, 1], that is if G0(c0) = cσ0 for σ > 0 and F0(v0) =

1− (1− v0)β with β > 0, for this implies G̃j(c̃) = G0(uSj c̃)/G0(uSj ) = c̃σ and 1− F̃j(ṽ) =

(1− F0(1− uBj (1− ṽ))/(1− F0(1− uBj )) = (1− ṽ)β for all j. In other words, G̃j and F̃j

do not change with j. This is, of course, the well-known property of Pareto distributions

that they are invariant to truncation.

Next, we discuss the correct interpretation of the asymptotic results when one starts

away from the limiting distribution. This is important since it is tempting to interpret

asymptotic results as only being applicable in one of two cases: either if one assumes very

particular functional forms for distributions that are close to the limiting distribution

or if one is exactly in the limit. However, this would be a misinterpretation. While for

often used asymptotic results such as the central limit theorem the correct interpretation

seems obvious (the misinterpretation is well understood to be a false dichotomy),27 for

other asymptotic results, such as extreme value theory, the correct interpretation does

not appear to be that obvious.28

27For the central limit theorem, such a misinterpretation would mean that the theorem is only appli-
cable in one of two cases: (i) the distribution of a variable has a peculiar functional form that is very
close to a normal distribution to start with or (ii) one has to be (almost) exactly in the limit, which
means taking the average of an infinite number of random draws. One would then erroneously believe
that either one has to make an overly restrictive assumption on functional forms (case (i)) or that the
variance of the average is (almost exactly) zero (since we are taking the average of an infinite number
of random draws, case (ii)). However, the distinction of cases (i) and (ii) is a false dichotomy: the
applicability of the central limit theorem is due to the middle ground between cases (i) and (ii).

28For extreme value theory, the misinterpretation is that asymptotic results apply in only one of two
cases: (i) the distribution is close to Generalized Pareto to begin with or (ii) the mass in the tail of the
truncated distribution is (close to) zero. Again, a false dichotomy.
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We take two strategies to avoid potential misinterpretations. First, we provide nu-

merical results that illustrate that even when starting with a distribution that is far

from the limiting distribution and when not going too close to the limit, the results

of Extreme Value Theory are already a good approximation. Second, in our empirical

companion paper (Loertscher and Niedermayer, 2017), we provide an empirical analysis

that shows that, for the empirically estimated distributions, Extreme Value Theory is a

good approximation.

Consider the following numerical example in which G0 is a Beta-distribution with

density g0(c0) ∝ c4
0(1 − c0)4 on the support [0, 1]. As panel (a) of Figure 1 shows, this

is far from a Generalized Pareto distribution. The figure also displays the distribution

conditional on c0 ∈ [0, u] for u ∈ {1, 0.7, 0.5, 0.3, 0.2}. Moving the truncation point u

downwards brings the density of the conditional distribution closer to the density of a

mirrored Generalized Pareto distribution. Of course, the statement of Extreme Value

Theory holds in the limit as is always the case for asymptotic results. However, as

usual in statistics, one should interpret asymptotically founded results as providing good

approximations away from the limit. For example, panel (d) in Figure 1 depicts the

case when still ten percent of all seller types are active. The distribution is already very

well approximated by a mirrored Generalized Pareto distribution. This is even more so

in panel (e), when two percent of sellers are active. In this case, the overlap is almost

perfect. One may wonder how close we are at the limit in practice. This question can

only be answered empirically, which we do in Loertscher and Niedermayer (2017).

The intuition for part (ii) of Proposition 3 is most easily gleaned by specializing

to a static setup (i.e. δ = 0) and assuming that G0 is a mirrored Generalized Pareto

distribution, that is G0(c0) = cσ0 for c0 ∈ [0, 1]. This implies that the virtual cost function

is linear, that is, Γα,0(c0) := c0 + αG0(c0)/g0(c0) = c0(1 + α/σ).29 The optimal fee can

thus be written as

ω(p) = p− Ev0∼F0 [Γ
−1
α,0(Φ0(v0))|v0 ≥ p]. (7)

29By adjusting the support appropriately, for any element j in the sequence a similar analysis applies
and delivers completely analogous results if G0 is a mirrored Generalized Pareto distribution because of
the truncation invariance of the virtual cost and of these distributions.
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Figure 1: Density of truncated, rescaled distribution Gu(c) = G0(c+u(c−c))/G0(c+u(c−
c)) for u ∈ {1, 0.7, 0.5, 0.3, 0.2} for a Beta distribution with support [0, 1] and density
g0(c) ∝ c4(1−c)4 (solid line) compared to an approximating mirrored Generalized Pareto
density with support [0, 1] (dashed). Masses in the relevant range are (a) G(1) = 1, (b)
G0(0.7) = 0.9, (c) G0(0.5) = 0.5, (d) G0(0.3) = 0.1, (e) G0(0.2) = 0.02. As the mass
decreases, the distribution converges to the approximating Pareto distribution and the
approximating Pareto distribution converges to the limiting Pareto distribution.

Because it is linear, one can pull Γ−1
α,0 outside the expectation, and because Ev0∼F0 [Φ0(v0)|v0 ≥

p] = p, one obtains ω(p) = p− Γ−1
α,0(p) = pα/(α + σ).30

The reasoning in the above paragraph and part (i) of Proposition 3 do not yet consti-

tute a proof of part (ii) of the proposition since one still has to establish that the trans-

formation from distributions to fees is continuous. The proof is quite lengthy, which may

not come as a surprise given the complexity of expression in (5) and the continuation

value V (·). We relegate the proof to Appendix A and provide an illustration here, based

on the same numerical example used for Figure 1. Figure 2 shows that the optimal fee

moves closer to a linear fee as the transaction costs increase. The mass of traders G0(u)

and 1− F0(1− u) does not have to be very close to 0 for the optimal fees to be close to

linear. In Figure 2 (d) and (e) the optimal fee is already well approximated by a linear

fee with the masses of traders being ten percent and two percent, respectively, and the

length of the support u being 30 percent and 20 percent of the length of the original

support, respectively. This numerical example illustrates the correct interpretation of

the asymptotic results for fees, which is similar to the interpretation for distributions:

linear fees are a good approximation not only in the limit, but also far away from the

30Sufficiency of Generalized mirror Pareto distributions for the optimality of linear fees follows from
the argument in the text. Necessity was shown by Loertscher and Niedermayer (2007), a working paper
superseded by the present paper. Building on this work, Niazadeh et al. (2014) extend the analysis of
take-it-or-leave-it offers to linear fees that are close to optimal.
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Figure 2: Optimal fee ω(·) for truncated, rescaled distributions Fu(v) = 1− [1− F0(v −
u(v − v))]/[1 − F0(v − u(v − v))], and Gu(c) = G0(c + u(c − c))/G0(c + u(c − c)) for
the same setup as in Figure 1; that is, for u ∈ {1, 0.7, 0.5, 0.3, 0.2} for Beta distributions
with support [0, 1] and density f(x) = g(x) ∝ x4(1 − x)4 (solid line) compared to an
approximating linear fee (dashed).

limit.

To analyze and interpret the true – that is, denormalized – fee ω(p) that is approxi-

mately optimal away from but sufficiently close to the limit, it is also insightful to con-

sider a j such that uSj and uBj are “sufficiently small” and to work with the denormalized

limiting Pareto distributions

G∗(c) :=

(
c− c
c− c

)σ
and 1− F ∗(v) :=

(
v − v
v − v

)β
,

where c = v = cj and v = c = vj for notational simplicity. Observe that G∗(c) has the

linear virtual type function Γ∗α(c) = c(1 + α/σ)− αc/σ, which implies that the fee is

ω(p) = p− Γ∗−1
α (p), (8)

which is linear in p.

The expression in (8) offers a neat interpretation and simple comparative statics: A

“Ramsey monopsonist” with valuation v who faces the supply G∗(p̂) would set the price

Γ∗−1
α (v).31 A more elastic supply means a higher monopsony price and hence a lower

fee. As an illustration, G̃(c̃) = c̃σ can be seen as isoelastic supply with elasticity σ.

As the elasticity σ increases, the fee ω̃(p̃) = αp̃/(σ + α) decreases. Surprisingly, and

interestingly, the fee is independent of distribution of valuations, which is a point we will

return to below.
31A Ramsey monopsonist cares about his valuation v and a weighted average of the price p he pays

and the seller’s expected utility E[c|c ≤ p] and therefore maximizes (v− (αp+ (1−α)E[c|c ≤ p]))G∗(p),
which implies the first-order condition (v − Γ∗α(p))g∗(p) = 0.
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A final remark is in order before we proceed to the next section. One may be tempted

to think that the linearity of the optimal fees in the limit stems from the fact that the

range of the relevant, overlapping interval [c, v] goes to zero with the standard reasoning

that well-behaved functions are close to linear over short intervals. However, this is

not so. The conditional distribution G̃j(c̃) does, in general, not converge to a linear

function (see Figure 1) nor does the optimal price function Φ̃−1(Γα(c)) when δ > 0. As

shown in (8), the linearity of the optimal fee derives from the linearity of Γα(c), which

in turn stems from the convergence of the distribution to (mirrored) Generalized Pareto

distributions.

5 Discussion

In this section, we provide microfoundations for the transactions costs, comparative

statics and extensions.

5.1 Microfoundations for the Transaction Costs

We now return to the microfoundation of transaction costs. There are various ways

transaction costs may occur. Some types of transaction costs are simply exogenously

given, such as transportation and moving costs. For additive transportation and moving

costs KB
j and KS

j , the asymptotic results hold if KB
j +KS

j → v0− c0, that is, if the total

transportation costs are close to the maximum possible gains from trade.

Other types of transaction costs can be viewed as the endogenous outcome of a

larger model, as we describe in our empirical companion paper. No matter what the

exact source of transaction costs, such transaction costs provide an explanation for why,

for example, at any given point of time only a small percentage of real-estate properties

are on the market or why Amazon considers the “tail of the distribution” (i.e. goods in

thin markets, that are seldom traded) as one of its main sources of revenue.

Competing Direct Market Consider a competing direct market in the sense that

the good can be traded at some price p, but this market is inefficient due to frictions: the

probability of finding a trading partner is less than one and traders may have to spend



5 DISCUSSION 23

potentially significant amount of time finding a trading partner. The intermediary’s

service is to enable trade with less frictions. So traders face the trade-off between either

going to the intermediary and paying fees or going to the direct market and bare the costs

of frictions. Examples would be buyers and sellers having the option to trade through

other channels than eBay or Amazon. Another example is the real-estate market, where

buyers and sellers have the option to rent rather than sell/buy, in which case p should

be viewed as the net present value of rents.

Formally, consider a competing market that opens at regular intervals of length µ,

with trade occurring at a price p. In the spirit of Satterthwaite and Shneyerov (2008),

the rematching frequency µ can be viewed as a measure of efficiency of this market.

The case µ → ∞ should be viewed as infinitely large frictions in the direct market,

which is equivalent to the direct market not existing as an outside option, while µ → 0

means that frictions in the direct market vanish. Let the discount factor between two

reopenings of the competing market (or, equivalently, the probability of not dropping

out), be δ̃ = e−δ̄µ where the parameter δ̄ is the discount rate, using Satterthwaite and

Shneyerov (2007)’s terminology. Define a buyer’s probability of trade at an instance when

the competing market opens as β̃ = e−β̄µ where β̄ is buyers’ trading rate. Analogously,

define a seller’s probability of trade γ̃ = e−γ̄µ where γ̄ is sellers’ trading rate. The

option value of trading in the competing market for a buyer with primitive valuation

v0 is
∑∞

t=0(v0 − p)β̃(1 − β̃)tδ̃t = (v0 − p)β, where β = β̃/[1 − (1 − β̃δ̃)] is the ultimate

probability of trade in the competing market. Taking into account the option value of

trading through the competing market, a buyer’s effective valuation is v = v0−β(v0−p) =

βp + (1 − β)v0, so that KB = βp and K̂B = 1 − β. The upper bound of the buyer’s

effective valuation v = βp+ (1− β)v0 converges to p as µ converges to 0, that is, as the

competing market becomes increasingly efficient. By a similar logic, the seller’s effective

cost is c = c0 + γ(p − c0) = γp + (1 − γ)c0, where γ = γ̃/[1 − (1 − γ̃)δ̃] is the seller’s

ultimate discounted probability of trade in the competing market. The lower bound of

the seller’s effective cost c = γp + (1 − γ)c0 goes to p as µ → 0. Putting the pieces

together, as the competing market becomes more efficient (µ → 0), the overlap of the

seller’s and the buyers’ support [c, v] shrinks towards p, which is what we need for our
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asymptotic results. Therefore, as frictions in the competing bilateral exchange decrease,

an intermediary (whose service is to offer trade with less frictions) is forced to offer fees

that are closer to linearity.

Dynamic Random Matching Model In most of our analysis, we are assuming that

the buyer’s valuation v and its distribution F are exogenously given. However, one can

view our model as being embedded in a larger model, in which v and F are endogenous.

Consider a dynamic random matching model in the spirit of Satterthwaite and Shneyerov

(2008), which is here extended to include intermediaries: mass 1 of seller-intermediary

pairs and mass 1 of buyers enter a market in every period. Buyers randomly choose a

seller-intermediary pair to visit, which results in a Poisson distribution of the number of

buyers a seller meets in every period. Sellers run an English auction with a reserve. If

at least one bid is above the reserve, the seller-intermediary pair and the trading buyer

leave the market. All participants who do not trade stay in the market. A steady-state

equilibrium is one in which the mass and distribution of entering buyers equals the mass

and distribution of exiting buyers, the same holding for sellers. The buyer’s effective

valuation is now endogenously given by v = v0 − δVB(v0), where VB(v0) is the option

value of future trade. One has to be additionally careful about the fact that buyers that

trade with a lower probability stay longer in the market and are hence overrepresented

in the pool of buyers in the market compared to entering buyers. While this endogeneity

renders the model analytically intractable, in a previous version of this paper (Loertscher

and Niedermayer, 2012), we solved this model numerically (under somewhat different

assumptions).32 We found that the linear fee approaches the optimal fee as the market

becomes more efficient (which is modeled as δ increasing). The fundamental driving

force is that an increase of δ reduces the upper bound of the buyer’s effective valuation

v = v0 − δVB(v0) and hence reduces the overlap of supports [c, v], which in turn makes

linear fees closer to optimal. It turns out that the effect identified in the previous

version of our paper is more general than the opportunity cost of future trade in dynamic

random matching models: any transaction cost reducing gains from trade for the current

32We assumed that seller-intermediary pair write myopic contracts.
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transaction makes optimal fees “more linear”.

5.2 Comparative Statics and Intuition

Our asymptotic results are interesting on their own, since they provide an explanation

for the prevalent use of linear fees and also additional empirically testable implications,

which we will discuss in detail in Subsection 5.4. But our asymptotic results also have

a number of additional benefits. First, we discuss the benefits for comparative statics,

which become much simpler in the limit. Using the results in the limit as a starting

point, we can then derive comparative statics results away from the limit.

Comparative statics are most easily performed, and intuition for these developed, if

one assumes a static setup with one buyer, that is, π1 = 1 and δ = 0. Replacing the

primitive distributions and (virtual) types in (7) by F and G and v and c (and Φ and

Γ−1
α ), the optimal fee with δ = 0 is

ω(p) = p− E[Γ−1
α (Φ(v))|v ≥ p].

Interpreting G(p) and 1 − F (p) as quantities supplied and demanded at price p (see

footnote 8), one can define the price elasticity of demand at v as ηd(v) := vf(v)/(1−F (v))

and the price elasticity of supply at c as ηs(c) := cg(c)/G(c).

The comparative statics with respect to ηs and α are as expected: a global increase

in ηs(c) leads to lower fees and an increase in α leads to higher fees because Γα(c) =

c(1 + α/ηs(c)) increases in α and decreases in ηs(c).

The effect of the elasticity of demand ηd (and equivalently of Φ(v) = v(1−1/ηd(v))) is

clearly more complicated. It is useful to first consider the limit, in whichG∗ is Generalized

Pareto, so that both Γ∗α and the optimal fee ω are linear. Equation (8) shows that in

this limit, the elasticity of demand ηd does not play any role for the fee whatsoever.

This suggests that the way Γ differs from a linear function determines how ηd affects

the optimal fee. As shown below, this is indeed the case and there is also an intuitive

economic interpretation of the effects of the elasticity of demand.

Proposition 4. Using the Taylor expansion of Γ−1
α (x) around v, the net price received
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by the seller is

p− ω(p) =

Ramsey monopsony price︷ ︸︸ ︷
Γ−1
α (p) +

second-order price endogeneity effect︷ ︸︸ ︷
[Γ−1
α (v)]′′

2
Varv∼F [Φ(v)− v|v ≥ p]

+
∞∑
n=3

[Γα(v)](n)

n!
{Ev∼F [(Φ(v)− v)n|v ≥ p]− Ev∼F [Φ(v)− v|v ≥ p]n}︸ ︷︷ ︸

higher-order price endogeneity effects

,
(9)

where [Γ−1
α (v)](n) denotes the n-th derivative of Γ−1

α (v).

Recall that a Ramsey monopsonist with value x would set the price Γ−1
α (x). Naturally,

the intermediary’s valuation for the good is p, so that absent any other effects the seller’s

net price should be Γ−1
α (p), which is exactly what the seller receives when Γα is linear.

However, for Γα nonlinear the price p is determined endogenously, which requires the

optimal net price the seller receives to be adjusted.

According to Proposition 4, ηd has no first-order effect on the optimal fee. Indeed,

as seen above when G is a mirrored Generalized Pareto distribution (which is equivalent

to a linear Γα), ω(p) is independent of F . However, the second- and higher-order effects

can go either way. To see this, assume α = 1 and that Γ−1
1 (x) is quadratic with a

curvature [Γ−1
1 (x)]′′ = γ2.33 A quadratic form shuts down the higher-order effects and

allows us to focus on the second-order price endogeneity effect. The fee is ω(p) =

p−Γ−1(p)− (γ2/2)Var[Φ(v)− v|v ≥ p]. For Γ−1
1 concave (γ2 < 0), an overall increase of

the elasticity of demand can be shown to lead to an overall increase of the fee.34

These results are surprising and counterintuitive at first as one would expect more

elastic demand to lead to lower fees. However, the intuition is that a more elastic demand

causes the seller to lower the price excessively from the intermediary’s point of view. To

compensate for this, the optimal fee increases. If Γ−1
1 is convex, the converse occurs.

33It can be checked that a distribution G exists that generates a quadratic Γ−11 by inverting Γ−1 to
get Γ and then solving the differential equation Γ(c) = c+G(c)/g(c) with initial condition G(c) = 1 for
G. The closed-form solution for G is somewhat lengthy and hence not reported here.

34To see this, take distributions F̂ and F with elasticities η̂d(v) and ηd(v) satisfying η̂d(v) > ηd(v)
for all v < v. Because Φ(v) = v(1 − 1/ηd(v)), this implies Φ̂(v) > Φ(v), which in turn implies (Φ̂(v) −
v)2 < (Φ(v) − v)2 for all v < v. Further, F hazard rate dominates F̂ because f̂(v)/(1 − F̂ (v)) =
η̂d(v)/v > ηd(v)/v = f(v)/(1 − F (v)). This implies E[v̂|v̂ ≥ p] ≤ E[v|v ≥ p] for all p. Together with
(Φ̂(v)− v)2 < (Φ(v)− v)2, this implies E[(Φ̂(v̂)− v)2|v̂ ≥ p] ≤ E[(Φ(v)− v)2|v ≥ p]. Therefore, fees are
higher with F̂ than with F , since γ2 < 0 and Var[Φ(v)−v|v ≥ p] = E[(Φ(v)−v)2|v ≥ p]−E[Φ(v)−v|v ≥
p]2 = E[(Φ(v)− v)2|v ≥ p]− (p− v)2.
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Whether a concave or a convex Γ−1
1 is more common case in real world markets is an

open question. The only empirical paper that estimates the virtual cost function that we

are aware of is Loertscher and Niedermayer (2017), which uses data from the real estate

brokerage market in Boston in the early 1990s. The estimated virtual cost function is

very close to linear, but slightly convex. This implies a slightly concave inverse virtual

cost function Γ−1
1 .

Important contributions by Bulow and Pfleiderer (1983), Aguirre et al. (2010), Bu-

low and Klemperer (2012), and Weyl and Fabinger (2013) have identified a number of

properties of the demand function such as its curvature, the curvature of the inverse

demand function, the pass-through rate, and the markup- or quantity-weighted aver-

age pass-through, which prove useful in a variety of contexts in industrial organization.

Naturally, one may then wonder whether the counterintuitive result that optimal fees

are sometimes higher for a higher elasticity of demand may be explained by alternative

properties of the demand function. The example with Γ−1
1 quadratic shows that the

answer is no. Any change of any property of the demand function F that leads to higher

fees for γ2 < 0 will lead to lower fees for γ2 > 0 and will have no effect on the fees for

γ2 = 0.

Our results are also relevant for public finance in the context of indirect taxation.35

In thick markets, it is well known that less elastically demanded goods should be taxed

more heavily (see Salanié, 2003). For thin markets, our results imply that the elasticity

of supply is key. Depending on the curvature of Γ−1
α , one should either tax the good

whose demand is more elastic or the one whose demand is less elastic. Our results are

also of relevance for the practice of competition policy. When there is suspicion that

fee-setting intermediaries, such as auction houses and platforms or real-estate brokers,

collude, the standard approach would be to estimate the demand function and to then

evaluate how closely prices are to the monopoly price implied by the estimates. Our

analysis suggests that in thin markets with intermediaries, the first look should be at the

35Indirect taxes are often different for different product categories. As an example, the EU financial
transaction tax levies 0.1% on share transactions and 0.01% on transactions involving derivatives. Value
added taxes and sales taxes in many countries differ across products, with some goods being exempt
from indirect taxes altogether.
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elasticity of supply rather than the elasticity of demand. As a first-order approximation,

the elasticity of demand does not matter for the fees of a profit maximizing intermediary.

Instead, colluding intermediaries should be expected to leave a net price to the seller

which corresponds to the price set by a monopsonist whose valuation is the gross price

(again, as a first-order approximation).

5.3 Extensions

The setup we study is amenable to a variety of interesting and natural extensions. The

limiting Pareto distribution turns out to have interesting implications in these extensions.

Due to space constraints, we will only sketch what we consider to be the most valuable

ones.

Non-Stationarity Let us first briefly explain how our analysis can be extended to ac-

count for non-stationary environments at what is essentially a cost in notation. Assuming

that the sequences of time varying discount factors δt, distributions Ft and random ar-

rival processes πtB are known, one can proceed in analogy to the way we proceeded under

the assumption of stationarity. Although the optimal transaction fee ωt in period t will

in general vary over time because of non-stationarity, a simple argument based on what

we call “expectational fees” (which are defined and derived in Lemma 2 in the Appendix)

shows that, in the limit as markets become thinner, the optimal (normalized) transaction

fees will be linear and stationary in the limit, too. The limit results also hold in a setup in

which the distribution of buyers’ valuations changes stochastically over time. Appendix

B contains more details. The stationarity of the optimal limiting fees is particularly

remarkable because the optimal reserve price path chosen by the seller will in general be

non-stationary.

Linear Fees, First-Price Auctions, and the Informed Principal Problem Given

linear transaction fees ω, the payoff of the seller upon selling at some price p̆ is linear in

the transaction price. Consequently, linear fees correspond to the case where the seller

is a risk-neutral agent with a linear Von-Neuman-Morgenstern utility function. As is
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well known, with risk-neutral agents the revenue equivalence theorem applies.36 This

implies that, given linear fees, using a first-price auction in which the seller sets the

reserve is equivalent to the second-price auction we have assumed thus far. Moreover,

due to the results for the informed principal problem in linear environments with inde-

pendent private values of Mylovanov and Tröger (2014), keeping fixed the linear fee the

expected payoffs conditional on type would be unchanged if the seller could choose the

trading mechanism after having learned his type (in any strongly neologism-proof perfect

Bayesian equilibrium). Thus, with linear fees the broker could even delegate the choice

of the mechanism to the seller. This has the important implication that the intermediary

could raise his revenues in a rather decentralized way: he simply sets the linear fees and

can leave the choice of the details of the bargaining protocol to the seller.

5.4 Empirical Implications

Our theoretical results have empirical implications that are consistent with observations

in several markets.

One implication is that in a static model with an English auction (which is a rea-

sonable approximation of auction houses, such as Sotheby’s and Christie’s, and online

auction sites, such as eBay), the fee is independent of the number of bidders in the auc-

tion. This result is similar in spirit to the well-known result that the profit maximizing

reserve price in an English auction with private values is independent of the number of

bidders. More importantly, it is consistent with the observation that the fees of auction

houses and platforms do not depend on the number of bidders.

Further, if the optimal fees are linear, which is rationalized in our model with the

distribution of sellers’ costs G being well approximated by a Generalized Pareto distri-

bution, then the fee should be independent of the number of buyers and the distribution

of their valuations even in a dynamic model. Empirically, one observes that indeed the

fees of real-estate agents and of auction houses and platforms exhibit little variation over

time and across regions (see Hsieh and Moretti (2003) who report the surprising invari-

36The only additional assumption with a random number of bidders is that bidders be symmetrically
informed about the number of other bidders participating (see e.g. Krishna, 2002, chapter 3).
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ance of real estate brokerage fees in the US). This prediction does not even require the

distribution G to be invariant: it is sufficient that the lower bound of support c remains

close to zero and that the Pareto tail index σ does not change much.37

It is also remarkable that Amazon charges linear fees for 33 out of 38 categories of

goods that are sold by third-parties through Amazon’s website. If linear fees were simply

due to simplicity, as is sometimes argued, one would not expect such a large number of

categories.

For the specific example of real estate brokerage fees, a number of additional obser-

vations are consistent with the predictions of our theory. First, sellers with a higher

loan-to-value ratio ask higher prices (Genesove and Mayer, 1997). Second, sellers who

had bought their houses when average real estate prices were high, ask for higher prices

than those who had bought when prices were low (Genesove and Mayer, 2001). Third,

quality-adjusted prices and time on market of houses are positively correlated in cross-

sectional data and negatively correlated in longitudinal data. Fourth, direct sellers – that

is, private owners who sell their houses without a broker or brokers who sell their own

houses – sell at higher prices than private owners who sell through a broker (see Ruther-

ford et al., 2005; Levitt and Syverson, 2008; Hendel et al., 2009). All these observations

are either predicted by or at least consistent with our theory.38

In our empirical companion paper, we go beyond explaining known stylized facts with

our theory: we compare the novel predictions of our theory with the data. Among other

things, we consider the surprising theoretical prediction that sellers’ costs are approxi-

mately Generalized Pareto distributed. We find that Generalized Pareto distributions

are indeed a reasonable approximation of sellers’ costs in the sense that the 6 per cent

37It is still an open question why the Pareto tail index exhibits little variation. But this is a puzzle
that has been observed in a variety of contexts, such as the relative inertia of the Pareto tail index of
income and wealth distributions or of the distribution of city sizes.

38The first and the second observation can be explained by the seller’s opportunity cost of selling being
correlated with the loan-to-value ratio and the seller’s valuation at the previous transaction, respectively.
For the third observation, the cross-sectional prediction is simply due to higher prices leading to a longer
time on market. For the longitudinal prediction, observe that in a static model, the seller’s reserve price
is independent of the number of bidders arriving, which naturally generates high prices and short times
on market when there are many buyers. It generates the opposite if there are few buyers. We show
in Proposition 4 of our companion paper (Loertscher and Niedermayer (2017)) that the fourth stylized
fact is consistent with our theory.
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fee achieves more than 98% of what the optimal non-linear fee could achieve.

5.5 Alternative Modelling Approaches

We now briefly discuss a number of alternative modelling approaches and the advantages

of the approach we took relative to those.

Why not a Static Model? Some of the economic insights from our model can also

be obtained in a static setup (δ = 0). Hence, one might wonder whether a static model

would have been sufficient. We think that a dynamic model is important for several

reasons. First, as discussed, a straight-forward generalization of our results to a non-

stationary setup shows that even in a non-stationary setup the asymptotic optimal fee

is, quite surprisingly, stationary. Second, the fact that sellers offer their good for sale in

multiple periods is an important feature of many real world markets. Third, some of the

microfoundations for the transaction costs provided above are most naturally expressed

in a dynamic environment. Last, the empirical analysis of real-estate brokerage fees

in our companion paper uses data on time on market, which is only meaningful in a

dynamic setup. The time on market is a crucial ingredient in the empirical identification

strategy in our companion paper.

Why not Linear Pricing? Linear fees in intermediated markets may appear similar

to the more familiar concept of linear pricing in the usual (non-intermediated) markets.

However, the similarity is superficial and misleading. First, linear fees are used in set-

tings with single-unit supplies and demands whereas linear pricing refers to prices that

are linear in quantity. Second, the linearity of the fee refers to linearity in price rather

than quantity. Both are crucial differences.39 Further, the explanations often provided

for linear pricing, such as the possibility of arbitrage, competition precluding price dis-

39The difference between linear pricing in quantity and linear fees in prices is fundamental. Production
costs may plausibly be proportional to quantity, whereas costs of intermediation are unlikely to be
proportional to the price. Further, we use the term “linear fee” to describe a fee that is possibly a
fixed fee plus a percentage of the price just like it is customary to refer to demand functions with the
same form as representing linear demand whereas in fact these are affine functions. In contrast, “linear
pricing” refers to pricing that is proportional to the quantity.
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crimination, and simplicity are fundamentally different from what drives fees to linearity

in our setting.40

Why Not One-Sided Private Information? One might ask whether a simpler

model with one-sided private information would not do. We now argue that the answer

is negative. For this purpose, consider the following static model with one-sided private

information model: the seller’s cost c is public information, there is only one buyer

whose valuation v is private information and drawn from the distribution F , and the

intermediary maximizes profits (α = 1).41 We will discuss how results carry over to a

setting with multiple buyers later on.

Since the seller has no private information, the intermediary need not give him any

rents and will make sure that the seller gets c in expectations in case of trade. We

know from Myerson (1981) that the optimal mechanism to sell to a buyer is to set the

price Φ−1(c). This implies a simple implementation of the profit maximizing mechanism:

the mechanism requires the seller to set the price Φ−1(c) and charges a transaction fee

ω(p) as a function of the transaction price p that makes sure that the seller gets the

net price c (the transaction price always happens to be p = Φ−1(c)). Any arbitrary

fee function works, as long as ω(Φ−1(c)) = Φ−1(c) − c. Take e.g. linear fees ω̂(p) =

µ(Φ−1(c)− c) + (1− µ)(1− c/Φ−1(c))p for some µ ∈ [0, 1]. ω̂ is constant for µ = 0 and

a percentage fee for µ = 1.

40One explanation for linear pricing is the possibility of arbitrage: if two units of a good are less
than twice as expensive as one unit, a buyer might buy two units, consume one unit and resell the
other. However, it should be clear that this does not apply to intermediaries: if the percentage fee were
different for a house that sells at $200,000 than for a house that sells at $400,000, there is no possibility of
arbitrage for the seller. Another explanation given for linear pricing is that sufficient competition makes
price discrimination impossible. However, as shown in the preceding analysis, linear fees in contrast to
linear pricing do not mean the absence of price discrimination. A further statement sometimes made
about linear pricing is that there is not really any economic explanation for linear prices, they are just
plain simpler. Leaving aside that this “theory” is open to the Lucas critique, for an intermediary’s fees
it is also not a particularly convincing explanation. As mentioned, Amazon has an elaborate pricing
scheme in which it charges different fees for 38 different categories of goods. 33 out of 38 categories have
linear fees (i.e. a fixed fee plus a percentage of the transaction price).

41The setup with two-sided private information provides a coherent, internally consistent framework
to analyze indirect taxation. Without private information about the seller’s cost (and no fixed costs)
and without imposing exogenously given constraints in policy instruments, the government could achieve
first-best by forcing sellers to price at marginal costs. However, such large scale intervention across many
different industries seems a daunting task for any government.
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This simple model illustrates why a one-sided private information model would not

have been sufficient. First of all, it has the implication that a profit maximizing interme-

diary would leave zero utility to the seller.42 In its basic form, it would also not explain

the prevalence of price dispersion in many markets. Such a model would also not lend

itself to an analysis about the structure of fees since the fee structure is irrelevant (e.g.

the value of µ in ω̂ does not matter).

This also illustrates why a one-sided private information model – in contrast to our

model – gives the prediction that the fee decreases with the elasticity of demand ηd(v) =

vf(v)/(1 − F (v)): it is easy to check that the linear fee ω̂ provided as an example

decreases with ηd because the monopoly price Φ−1(c) decreases with elasticity.43

With multiple buyers, the same reasoning holds as with one buyer, except that now

the expected fee has to be equal to the expected profit from selling minus the seller’s cost

c. Results also carry over to multiple periods.

The result that with one-sided private information the structure of the fee is not

pinned down extends to thick markets with two-sided private information because in

a thick market there is no uncertainty about the realized distribution of sellers’ costs.

Consequently, in thick markets the cost of the marginal seller is public information (see

Niedermayer and Shneyerov (2014)).

5.6 Services of Intermediaries

We have made a conscious modeling choice in this paper by modelling optimal pricing

behavior by intermediaries rather than the specifics of the services of intermediaries.

There are good reasons for this choice. There is a wide variety of intermediaries charging

fees, such as real-estate brokers, Amazon, eBay, and iTunes, offering a wide variety

of services. If we add taxation by governments into the picture, there is even more

42 Even if the seller’s cost is not known to the intermediary, but known to other market participants,
the same results hold because the intermediary can extract information about the seller’s cost costlessly
by a Crémer and McLean (1988) type of mechanism. Some of the one-sided private information papers
restrict the set of mechanisms the intermediary can choose in such a way that in the restricted set fees
other than percentage fees are suboptimal.

43Technically speaking, the implication is that the fee ω(Φ−1(c)) = Φ−1(c)− c paid at the equilibrium
price decreases with ηd. Since the fee for other prices is arbitrary and irrelevant, one could also construct
fees that decrease at the equilibrium price, but increase at some off-equilibrium prices.
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heterogeneity. There are a variety of mutually non-exclusive explanations as to why

the services of private intermediaries and governments are useful, such as for reducing

transaction and search costs, certifying quality, improving matching, building reputation,

providing infrastructure that facilitates trade, and enforcing contracts.44 Rather than

going through all the combinations of such explanations, which will be special for every

industry (and even for a single industry, there is typically no consensus on which services

are the most important), we provide a general model and focus on what is common to

all intermediaries: that they raise revenues by charging transaction fees. This approach

does come at a price: our theory remains silent on what is special about the services

of one or another type of intermediary. However, we believe this price is worth paying,

since we gain a deeper, more general understanding of the determinants of fees. There is

precedent of such an approach paying off: industrial organization has developed a number

of theoretical and structural estimation tools to deal with optimal pricing by one-sided

(i.e. non-intermediary) firms. These general tools have turned out to be very useful,

despite the fact that optimal pricing is done by very different firms offering very different

products such as cereals, cars, and pharmaceutical products (see e.g. Berry et al. (1995)

and the subsequent literature) and despite the fact that an optimal pricing approach

remains silent about the question why consumers buy cereals, cars, and pharmaceutical

products.

5.7 Principal Agent Theory of Intermediation

Another related question is whether the fees charged by real-estate brokers should alter-

natively be viewed as the solution of a principal-agent problem. Indeed, economists often

casually refer to real-estate brokerage as an example of a principal-agent problem. The

(informal) theory typically looks like the following. A seller hires a real-estate agent and

incentivizes him to drive up the sales price by offering a fee that increases with the price.

While this theory is superficially appealing, it stands in stark contradiction with many

44See Spulber (1999) and Salanié (2003) for an overview of the role of private intermediaries and
governments, respectively.
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empirical observations made in the real-estate brokerage market described above.45 The

many puzzles that appear when viewing real-estate brokerage fees from a principal-agent

perspective all disappear if one is willing to take a novel approach and consider broker-

age fees from an optimal pricing perspective. If one further has the ambition to have a

theory that explains the fees not only of real-estate brokers, but also of Amazon, eBay,

and possibly even the taxes levied by governments, then a principal-agent explanation

becomes even less convincing: it is e.g. hard to believe that the reason why eBay’s fees

increase with the transaction price is that sellers are trying to incentivize eBay to exert

effort to raise the price.

However, besides raising prices, the role of intermediaries may also be to enable trans-

actions (or increase the probability of a transaction). Most of our analysis is orthogonal

to the notion that fees serve to incentivize brokers to enable transactions, as we illustrate

in the following with a simple principal-agent extension of our model. Assume that the

broker can exert effort e, which affects the probability π(e) that the seller meets suitable

buyers, where π′ > 0, π′′ < 0. The broker exerts effort to maximize his expected profit

π(e)Ec∼G[WI(c,P (c),ω)] − e, where Ec∼G[·] is the broker’s expected profit in case that

suitable potential buyers are found. The broker will maximize his profits by choosing

effort level e∗ = (π′)−1 (Ec∼G[WI(·)]). Therefore, α can be seen as affecting a trade-off

between two distortions. A higher α increases Ec∼G[WI(·)] and leads to more effort by

the broker and hence a higher probability that the seller and some buyers meet, but

decreases the probability that trade occurs conditional on the seller and buyers meeting.

Our theory can then be interpreted as saying that the intermediary and the seller write a

contract in which they choose α such that it induces the intermediary to set the optimal

effort level e.

45To mention only one of the many observations, consider a transaction in which both the seller and
the buyer have a broker. For such transactions, both brokers get 3% of the transaction price. This
means that the buyer’s broker gets more if the transaction price is higher, that is if the outcome is less
favorable from the buyer’s perspective, something that cannot be explained by a principal-agent theory.
Note that this observation holds not only for co-operating agents on the buyer’s side (who have to act
in the buyer’s interest), but also for buyers’ agents (who are contractually obliged to act in the buyer’s
fiduciary interests). See Loertscher and Niedermayer (2017) for more details of why the principal-agent
theory is unconvincing as an explanation of real-estate brokerage fees.
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5.8 Equivalence Results

As discussed in Section 5.5, our two-sided private information setting avoids the multi-

plicity of implementations present in one-sided private information settings of fees and

taxes, i.e. in our setting fixed fees, percentage fees, and non-linear fees are not equiva-

lent. However, our setting still inherits another well-known equivalence result from the

tax incidence literature: only the sum of the seller’s and the buyer’s fee matters, that is,

it is irrelevant whether the seller, the buyer, or both pay (parts of) the transaction fees

(or taxes). For example, it is equivalent to our setting if the net rather than the gross

price is defined to be the transaction price and the buyer rather than the seller is said

to pay the fee.

A further equivalence result is that our model can be seen both as a model of non-

durable goods (which provide a one-off consumption utility when consumed) and of

durable goods (which provide a consumption utility in each period they are consumed). A

durable goods setting translates in a straightforward way into our setting with valuations

(or opportunity costs of selling) being the net present value of consumption utilities.46

6 Conclusions

We provide a parsimonious theory of optimal transaction fees in thin markets and show

that the optimal fees converge to linear fees as markets become increasingly thin. Our

companion paper shows that, given empirically estimated distributions, little if anything

is lost through the use of linear fees. This suggests that, going forward, researchers

and other analysts of transaction fees in thin markets might as well assume (generalized)

Pareto distributions, which are analytically convenient and equivalent to linear fees being

optimal.

While the main purpose of this article is to develop a general model of transaction

46To see this, consider the non-durable good setup in our model, in which a seller of type c has a payoff
of 0 if he never trades and an expected discounted payoff of δT (p− c) if he trades at price p in period T .
Alternatively, we could assume that the good is durable, i.e., the good gives the seller a utility of c̃ in
every period in which he consumes it. Under this assumption, if he never sells, his expected discounted
utility is c̃/(1 − δ). In contrast, if he sells at price p in period T , his expected discounted payoff is
δT p + c̃(1 − δT )/(1 − δ). Taking the difference, one obtains δT (p − c̃/(1 − δ)). Thus, for c = c̃/(1 − δ)
the two models are isomorphic.
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fees as optimal pricing, a positive side effect of having such a theory is that it resolves

many of the puzzling observations documented in the empirical literature on real-estate

brokerage fees by providing an alternative to the principal-agent view.

A further aspect of our model that deserves emphasis is that in thin markets optimal

fees vary little with the underlying environment. In real-estate brokerage, the invariance

of the 6 per cent fees across times and markets is a well-documented stylized fact (see

e.g. Hsieh and Moretti, 2003). According to our theory, the asymptotically optimal fee in

thin markets is linear and independent of demand-side factors. The asymptotic optimal

fee depends on the Pareto tail index σ. The invariance of fees is hence ultimately related

to the invariance of the Pareto tail index. This invariance has been documented in a

number of empirical settings, such as for income and wealth distributions, the sizes of

cities, and the strengths of earthquakes.47
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Appendix

A Proofs

A.1 Propositions 1, 3, and 4

Proof of Proposition 1. The first order condition for the seller’s maximization problem

is

[(Rω(p)− c)(1− F∞(p))]′ = −[Φ̃ω(p)− c]f∞(p)

with

Φ̃ω(p) := Rω(p)−R′ω(p)
1− F∞(p)

f∞(p)
. (10)

We will show that the expression for Φ̃ω in (10) is the same as the one in the proposition.

First, observe that

Rω(p) =
(p− ω(p))(F(2)(p)− F(1)(p)) +

∫ v
p

(v − ω(v))dF(2)(v)

1− F(1)(p)

can be rewritten as

Rω(p) =

∫ v
p

Φω(v)dF(1)(v)

1− F(1)(p)

where

Φω(p) := p− ω(p)− (1− ω′(p))1− F (p)

f(p)

That the two expressions for Rω are equal can be checked by observing that Rω(v) = v

for both expressions and that the derivatives [Rω(p)(1 − F(1)(p))]
′ can be shown to be

equal for both expression for Rω with some algebra and by using the fact48

F(2)(p)− F(1)(p)

f(1)(p)
=

1− F (p)

f(p)
.

One can also show with some algebra that

R′ω(p) =
f(1)(p)

1− F(1)(p)
(Rω(p)− Φω(p)) (11)

and that
f(1)(p)

1− F(1)(p)

1− F∞(p)

f∞(p)
=

1− δF(1)(p)

1− δ
(12)

48This is easily seen to be true once one notes that f(1)(v) can be written as f(1)(v) =
f(v)

∑∞
B=1 πBBF (v)B−1 and by noticing that F(2)(v)− F(1)(v) = (1− F (v))

∑∞
B=1 πBBF (v)B−1.
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Plugging (11) and (12) into (10) yields

Φ̃ω(p) = Rω(p)− (Rω(p)− Φω(p))
1− δF(1)(p)

1− δ

the derivative of which can be rearranged to

Φ̃′ω(p) =
1− δF(1)(p)

1− δ
Φ′ω(p)

Since this expression for Φ̃′ω is equal to the expression for Φ̃′ω in the proposition and since

the two expressions for Φ̃ω(p) are equal to v for p = v, Φω is the same in the proposition

as in (10).

Therefore, the seller’s first-order condition can be written as −(Φ̃ω(p)− c)f∞(p) = 0,

which implies the optimal price Φ̃−1
ω (c) for a seller with cost c as stated in the proposition.

Proof of Proposition 3. The proof of part (i) relies on Extreme Value Theory, which we

summarize in Appendix C. Φ continuously differentiable implies that, for some constant

β,

lim
v→v

d

dv

[
1− F (v)

f(v)

]
= lim

v→v

d

dv
[v − Φ(v)] = β. (13)

Equation (13) is the von Mises condition as stated in Theorem 2 in Appendix C. By

Theorem 2, this implies that F is in the domain of attraction of an extreme value distri-

bution (see Definition 1). By the Pickands-Balkema-de Haan Theorem (see Theorem 1),

this in turn implies that F has a Generalized Pareto upper tail as defined in (24). This

implies uniform convergence of the normalized distribution F̃j to F̃ ∗(ṽ) = 1− (1− ṽ)β,

because of the definition of the normalized variable ṽ. Analogous reasoning applies for

the convergence of G̃j.

Proof of part (ii): First, define β̄ := limv→v 1−Φ′(v), σ̄ := limc→c Γ′(c)−1, β := −1/β,

and σ := 1/σ. Observe that by l’Hôpital’s rule

lim
v→v

(v − v)f(v)

1− F (v)
= lim

v→v

v − v
v − Φ(v)

= lim
v→v

−1

1− Φ′(v)
= β.

The following two constructs are used in the remainder of the proof: First, instead

of setting a reserve price p that leads to expected revenue k = R(p) conditional on trade
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in this period, one can alternatively and hypothetically assume that the seller sets an

expected transaction price k, conditional on trade ever occurring, that leads to trade

with probability 1 − F (k) := 1 − F∞(R−1(k)). Second, the intermediary can levy an

“expectational fee” ω(k) on the expected transaction price k. The following lemma

derives the expectational fee ω(k) that implements the allocation rule derived in Lemma

1.

Lemma 2. The expectational transaction fees that implement the optimal mechanism

described in Lemma 1 are

ω(k) = k −
∫ v
k

Γ−1
α (Φ(v))f(v)dv

1− F (k)
.

Proof of Lemma 2. The expected profit of a seller with cost who faces a fee ω is

(1− F (k))(k − ω(k)− c).

Substituting ω(k) by the expression in Proposition 2, the maximization problem becomes

max
k

∫ v

k

Γ−1
α (Φ(v))f(v)dv − (1− F (k))c.

The first-order condition is

0 = −f(k(c))
[
Γ−1
α (Φ(k))− c

]
,

which is equivalent to Φ(k) = Γα(c). This is equivalent to the allocation rule in Lemma 1

(see its proof for details). The second-order condition is satisfied whenever the first-order

condition is satisfied if Φ(v) is monotone.

The remainder of the proof now proceeds in four steps: we show that (a) for the

limiting distributions F̃ ∗ and G̃∗ the expectational fee ω∗ is equal to the limiting fee

α
α+σ

p̃, (b) the expectational fee converges to the limiting fee, (c) the transaction fee ω̃

is equal to the limiting fee for the limiting distributions, and (d) the transaction fee

converges to α
α+σ

p̃.

Step (a): First, we show that linearity of fees holds for the denormalized limiting

distributions F ∗ and G∗. For simplicity, denote the supports of the denormalized limiting
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distributions as [v, v] and [c, c]. The distributions are hence F ∗(v) = 1− [(v−v)/(v−v)]β

and G∗(c) = [(c−c)/(c−c)]σ. The virtual cost function is linear: Γ∗α(c) = c+(c−c)α/σ.

The optimal expectational fees given in Lemma 2 can be rearranged to yield

ω∗(p) = p− Ev[Γ∗−1
α (Φ

∗
(v))|v ≥ p] = p− Γ∗−1

α (Ev[Φ
∗
(v)|v ≥ p]) = p− Γ∗−1

α (p),

where the second equality stems from the linearity of Γ∗α and the third from the well-

known fact that for any p and any distribution F with virtual value Φ, Ev[Φ(v)|v ≥ p] =

p. Plugging in the functional form for Γ∗α yields

ω∗(p) = (p− c)
[

α

α + σ

]
.

This implies that the equation for ω∗ in (6) holds for the limiting distributions F ∗ and

G∗, because of the definitions of ω̃ and p̃.

Step (b): Next, we show convergence to linearity. For this, it is useful to consider a

linear transformation of the original problem, such that the length of the support is 1 for

both F and G, and the lower bound is 0. This can be done without loss of generality.

Formally, the support of the seller’s distribution [cj, (vj − cj)/u
S
j + cj] is transformed

to [0, 1] and the support of the buyer’s distribution becomes [vj − (vj − cj)/u
B
j , vj] to

[uj − 1, uj] with some uj > 0. Note that as j → ∞, uj → 0. In part of the following

analysis, we will drop the subscript j and simply write u→ 0.

This has the advantage that the transformed distributions are only shifted and not

stretched compared to F and G. Call these transformed distributions F̂j and Ĝj, with

Ĝj(ĉ) = G(ĉ) and F̂j(v̂) = F (v̂ + (1− u)). The transformed fee is

ω̂(p̂) = up̂−
∫ 1

p̂
Γ̂−1
α (Φ̂(uv̂))dF̂ (uv̂)

1− F̂ (up̂)
(14)

where the expression comes from plugging in up̂ for p in the expression in Lemma 2.

We need to show that the expression in the integral uniformly converges to its limit,

which implies convergence of the integral and also convergence of the whole expression

for ω̂.

By the definition of β we have

lim
u→0

∂

∂(uv̂)

[
1− F̂ (uv̂)

f̂(uv̂)

]
= lim

v′→1

[
1− F (v′)

f(v′)

]′
=

1

β
.
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This implies that

1

u

[
1− F̂ (uv̂)

f(uv̂)

]
u→0

⇒
v̂

β

and hence
1

u
Φ̂(uv̂)

u→0

⇒ v̂ − 1− v̂
β

where the double arrow ⇒ stands for uniform convergence. By a similar logic

1

u
Γ̂α(uĉ)

u→0

⇒ ĉ
(

1 +
α

σ

)
and hence

1

u
Γ̂−1
α (ux)

u→0

⇒
x

1 + α/σ
,

because uniform convergence of a function implies uniform convergence of its inverse (see

for example Barvinek et al. (1991)).

Observe that

F̂ (k) = F̂∞(R̂−1(k)), F̂∞(p) =
1− F̂(1)(p)

1− δF̂(1)(p)
, F̂(1)(p) =

∞∑
B=0

πBF̂ (p)B (15)

and let

R̂j(p) =

∫ uj
p

Φ̂(v)dF̂(1)(v)

1− F̂(1)(p)
. (16)

By Theorem 1 the expressions in (15) uniformly converge to their respective limits if

R̂−1
j uniformly converges. R̂−1

j converges uniformly if R̂j converges uniformly. So we are

left to show that R̂j converges uniformly in order to show uniform convergence of the

integrand in (14) and hence convergence of ω̂.

Since the integrand in the integral in R̂ converges uniformly, R̂ converges pointwise

to its limit. Further, observe that the sequence R̂j(p) with

R̂j(p) =

∫ uj
p

Φ̂(v)dF̂(1)(v)

1− F̂(1)(p)
=

∫ 1

p+1−uj(Φ(y)− (1− uj))f(1)(y)dy

1− F(1)(p+ 1− uj)

monotonically increases as j goes to infinity (and thus uj goes to zero). Pointwise

convergence and monotonicity of the sequence imply uniform convergence of R̂j by Dini’s

theorem. Putting this together implies that ω̂ converges to ω∗.
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Step (c): Observe that if expectational fees are linear, the transaction fees are equal

to expectational fees, since a linear function can be taken into an expectation. Hence

the transaction fee ω(p) = ω(p) is also linear in the limit.

Step (d): Next, we turn to convergence of the normalized transaction fee ω̂.

From Proposition 2 and the arguments that precede it, we know that the optimal

transaction fee ω(p) is given by

ω(p) = p−
∫ v
p

[Γ−1
α (Φ̃(v)) + δV (Γ−1

α (Φ̃(v)))]dF (v)

1− F (p)
,

where V (c) =
∫ Γ−1

α (v)

c
(1 − F∞(Φ̃−1(Γα(y))))dy. Defining B :=

∫ v
p

Γ−1
α (Φ̃(v))dF (v) and

A :=
∫ v
p

∫ Γ−1
α (v)

Γ−1
α (Φ̃(p))

(1 − F∞(Φ̃−1(Γα(y))))dydF (v), we can thus write ω(p) as ω(p) = p −

(B+ δA)/(1−F (p)). Using Φ̃(p) = Φ(R(p)) it is clear that the integrand in B converges

uniformly and hence B converges. Reversing the order of integration in A and integrating

we obtain

A =

∫ Γ−1
α (v)

Γ−1
α (p)

∫ Φ̃(Γα(y))

p

dF (v)(1− F∞(Φ̃−1(Γα(y))))dy

=

∫ Γ−1
α (v)

Γ−1
α (p)

(F (Φ̃(Γα(y)))− F (p))(1− F∞(Φ̃−1(Γα(y))))dy.

The integrand in the last expression is a combination of functions which we have shown

to converge uniformly, hence we get convergence of A. Putting this together, we get that

ω̂ converges to the limit given by substituting in the limiting distributions for F and

G.

Proof of Proposition 4. The Taylor expansion of Γ−1
α (x) around v is

Γ−1
α (x) = Γ−1

α (v) + [Γ−1
α (v)]′(x− v) +

[Γ−1
α (v)]′′

2
(x− v)2 +

∞∑
n=3

[Γ−1
α (v)](n)

n!
(x− v)n.

Denote the nth derivative at v as γn := [Γ−1
α (v)](n). We further use the shorthand
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ϕ := Φ(v). The net price received by the seller can be rearranged as

p− ω(p) =E[Γ−1
α (ϕ)|v ≥ p]

=
∞∑
n=0

γn
n!
E[(ϕ− v)n|v ≥ p]

=
∞∑
n=0

γn
n!
{(E[ϕ|v ≥ p]− v)n − (E[ϕ|v ≥ p]− v)n + E[(ϕ− v)n|v ≥ p]}

=Γ−1
α (E[ϕ|v ≥ p]) +

∞∑
n=0

γn
n!
{E[(ϕ− v)n|v ≥ p]− (E[ϕ|v ≥ p]− v)n}

=Γ−1
α (p) +

∞∑
n=0

γn
n!
{E[(ϕ− v)n|v ≥ p]− (E[ϕ|v ≥ p]− v)n} ,

where the second equality stems from the Taylor expansion, the fourth from reversing

a Taylor expansion, and the fifth from the fact that E[Φ(v)|v ≥ p] = p. Note that for

n = 0 and n = 1, the expressions in curly braces cancel out in the last expression. For

n = 2, the expression in curly braces is the conditional variance Var[ϕ − v|v ≥ p] =

E[(ϕ− v)2|v ≥ p]− (E[ϕ|v ≥ p]− v)2. This completes the proof.

A.2 Lemma 1

The proof Lemma 1 relies on mechanism design. We say that a mechanism is active in

period t if the seller has not exited prior to t, which can happen because a transaction

has occurred or because of the exogenously given probability 1 − δ of dropping out

from one period to the next. As mentioned, one can alternatively and equivalently

interpret δ as the pure per period survival probability of the seller, or as a discount

factor that reflects pure and common time preferences, or a as a combination of the

survival probability and time preferences. However, the interpretation of many concepts

used in the mechanism design framework is most straight forward if one interprets δ as

a pure survival probability. After the seller exits, no good is left to be traded and the

mechanism shuts down. The following, therefore, applies only to active mechanisms.

A mechanism is said to be a direct mechanism if it asks all agents who participate in

the mechanism to report their types. For the seller, who is present at date 0, this simply

means that he reports his cost c. A direct mechanism then asks all buyers who enter in
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period t to report their valuations vb ∈ [v, v] to the mechanism. The realization of the

valuations of buyers who do not enter are set to vb = −∞. Let vt = (vtb)
B
b=1 be a vector

of such reports by buyers in period t with buyers label b = 1, .., B and let v = (vt)
∞
t=0 be

a sequence of such reports.

A direct mechanism specifies the probability Qt
S(vt, c) that the seller sells in period t

and the probability Qt
b(vt, c) that buyer b receives the good and the payment M t

S(vt, c)

made from the mechanism to the seller and the payments made by buyers b to mechanism

M t
b(vt, c), given reports (vt, c) and given that the mechanism is still active.

Feasibility further requires

B∑
b=1

Qt
b(vt, c) ≤ Qt

S(vt, c) (17)

for all t and all (vt, c). Accordingly, the mechanism ceases to be active in period t with

probability Qt
S(vt, c), and it proceeds to period t+1 with probability (1−δ)(1−Qt

S(vt, c)).

Let Qt
B(vt, c) = (Qt

1(vt, c), .., Q
t
B

(vt, c)) and M t
B(vt, c) = (M t

1(vt, c), ..,M
t
B

(vt, c)).

For a given (v, c), let

QS(v, c) =
(
Qt
S(vt, c)

)∞
t=0

and QB(v, c) =
(
Qt
B(vt, c)

)∞
t=0

and

MS(v, c) =
(
M t

S(vt, c)
)∞
t=0

and MB(v, c) =
(
M t

B(vt, c)
)∞
t=0

.

LettingQ andM be, respectively, collections {QS(v, c),QB(v, c)} and {MS(v, c),MB(v, c)}

for all possible (v, c), a direct mechanism is summarized by 〈Q,M〉 where Q satisfies

(17). It is said to satisfy interim individual rationality and incentive compatibility if it

satisfies these constraints for every possible type of every agent who participates at the

period the agent first participates in the mechanism. For buyers, the latter condition is

vacuously satisfied because they participate in the mechanism in one period only, if they

participate at all. For the seller it means that these constraints have to be satisfied at

date 0 only.

The focus on direct mechanisms is now easily seen to be without loss of generality:

In every period t, no mechanism that respects buyers’ incentive and interim individual
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rationality constraints can do better than a direct mechanism that respects these con-

straints (see e.g. Krishna, 2002). Applied iteratively, this then implies that no incentive

compatible and interim individually rational mechanism can do better than an incentive

compatible and interim individually rational mechanism that asks the seller to report

his type in period 0.

The analysis is greatly simplified by using two concepts. The first is the ultimate

probability of selling for a seller who reports type c

qS(c) := Ev

[
∞∑
t=0

Qt
S(vt, c)

t−1∏
τ=0

δ(1−Qτ
S(vτ , c))

]
,

which was introduced in Satterthwaite and Shneyerov (2008). We introduce a second,

novel concept, the ultimate conditional expected revenue, which we will describe later.49

The seller’s expected discounted payment is

mS(c) := Ev

[
∞∑
t=0

M t
S(vt, c)

t−1∏
τ=0

δ(1−Qτ
S(vτ , c))

]
.

In a direct mechanism, the seller of type c who reports truthfully has thus an expected

discounted payoff of

WS(c) = mS(c)− qS(c)c,

while the intermediary’s expected discounted payoff when facing a seller who reports to

be of type c is

WI(c) = Ev

 ∞∑
t=0

 B∑
b=1

M t
b(vt, c)

 t−1∏
τ=0

δ(1−Qτ
S(vτ , c))

−mS(c),

where the notation Wi(c) for i = I, S emphasizes that we are referring to payoffs in a

direct mechanism as opposed to fee-setting as defined in Section 2. The natural extension

of the objective function (1) to the general mechanism design setup is then

max
〈Q,M〉

Ec[αWI(c) + (1− α)(WI(c) +WS(c))] (18)

subject to incentive compatibility and interim individual rationality constraints of buyers

and the seller. As there is no other restriction on the mechanisms used, this objective

49Satterthwaite and Shneyerov (2008) did not need this second concept, since their analysis is mostly
about a full-trade equilibrium, in which all sellers trade with probability 1.
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is more general than (1), which is confined to fee-setting. However, as we will show, the

objective in (18) can be maximized with an appropriately chosen sequence of transaction

fees ω. Moreover, we will show that individual rationality constraints are not only

satisfied in the interim stage but also ex post and that the seller’s incentive constraint can

be satisfied period by period. While the results concerning ex post individual rationality

of buyers is immediate because of the nature of second-price auctions, it is far from

obvious a priori that such a mechanism exists in the dynamic setup with two-sided

private information and arbitrary α we study.50

Standard arguments imply that a direct mechanism is incentive compatible for the

seller if and only if it such that qS(c) is monotone in c and that in any direct, incentive

compatible mechanism

mS(c) = qS(c)c+

∫ c

c

qS(x)dc+WS(c) (19)

holds (see e.g. Krishna, 2002). Monotonicity of qS(c) implies that the interim individual

rationality constraint will be satisfied if it is satisfied for the seller of type c, that is if

WS(c) ≥ 0 (and if the seller’s incentive constraint is satisfied). Because WS(c) enters

the objective function as the constant −αWS(c), it will be optimal to set WS(c) = 0 for

any α ∈ [0, 1].

We say that the good is auctioned off in period t with reserve pt if Qt
b(vt, c) = 1 if

vb = max{vt} and vb ≥ pt and Qt
i(vt, c) = 0 for all i = 1, .., B otherwise.51

Lemma 3. A mechanism 〈Q,M〉 is optimal only if the good is auctioned off in every

period t at some reserve pt.

Proof of Lemma 3. Suppose to the contrary that the optimal mechanism, denoted 〈Q̂,M̂〉,

does not auction off the good at some reserve in period t and in some states (vt, c). This

implies that with positive probability the good is sold in period t to a buyer whose val-

uation is not the highest amongst all the buyers present. Consider then an alternative

50The direct mechanism problem that we set up here is thus a relaxed problem, and we will show that
the additional constraints are not binding. For an analysis of ex post individual rationality of a bilateral
trade problem where the intermediary makes zero profit, see Gresik (1991).

51This definition neglects the possibility of ties at the highest value, which have probability 0. If one
wants to account for such ties explicitly, one can arbitrarily set Qtb(vt, c) = 1 for the buyer b with the
highest valuation and, say, the highest index b amongst all buyers with the highest value.
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mechanism that coincides with 〈Q̂,M̂〉 except for the states in period t in which 〈Q̂,M̂〉

does not auction off the good. Let the alternative mechanism sell the good to the highest

value buyer in all those instances for which 〈Q̂,M̂〉 sells it to some other buyer. This

alternative mechanism will increase the broker’s payoff WI(c) by increasing the revenue

it raises while leaving the seller’s payoff WS(c) unaffected. Therefore, the mechanism

〈Q̂,M̂〉 cannot be optimal.

Lemma 3 implies that the choice set for allocation rules Q can be narrowed down to

sequences of reserves p(c) = (pt(c))
∞
t=0, one sequence for every seller type c, with the un-

derstanding that, provided the mechanism is still active in period t, the good will be sold

to the buyer with the highest valuation present in that period, provided this valuation

is no less than pt(c). Letting kt := R(pt) denote the expected transaction price in period

t, conditional on a transaction occurring in period t, choosing a sequence of reserves

p(c) is equivalent to choosing a sequence k(c) = (kt(c))
∞
t=0 of expected transaction prices

(conditional on a transaction occurring).

The key observations are the following. For any sequence of expected transaction

prices k = (kt)
∞
t=0, let

qt(k) :=
(
1− F(1)(R

−1(kt))
) t−1∏
τ=0

δF(1)(R
−1(kτ ))

denote the discount factor, adjusted for the probability of prior sale (and for the proba-

bility of prior exit if δ is interpreted as probability of survival), for a transaction occurring

in period t. The number
∑∞

t=0 qt(k)kt is then the expected discounted transaction price,

or average price for short, given k while
∑∞

t=0 qt(k) is the ultimate probability of selling.

The number

k =

∑∞
t=0 qt(k)kt∑∞
t=0 qt(k)

(20)

has then the interpretation of an ultimate conditional expected revenue. The simplest

interpretation for k can be provided if one interprets 1 − δ purely as the probability of

dropping out from one period to the next (without any impatience on top of that). With

this interpretation, k is the expected revenue conditional on trading and not dropping

out. If impatience stems from a time preference rather than a drop-out probability,



A PROOFS 54

k cannot be simply interpreted as a conditional expectation, but should be viewed as

an abstract mathematical concept that helps to unite probabilities and discounting and

simplifies calculations.52

A mechanism can only be optimal if it maximizes the ultimate conditional expected

revenue (
∑∞

t=0 qt(k)kt)/(
∑∞

t=0 qt(k)) for a given ultimate probability of selling
∑∞

t=0 qt(k).

By a duality argument, it also holds that a mechanism can only be optimal if it maximizes

the ultimate probability of selling for a given ultimate conditional expected revenue.

Proof of Lemma 1. For k ∈ [v, v] let

1− F T (k) := max
(kt)Tt=0

{
T∑
t=0

qt(k)

}
s.t.

∑T
t=0 qt(k)kt∑T
t=0 qt(k)

= k,

and define

1− F (k) := lim
T→∞

1− F T (k).

Let (k∗t (k))Tt=0 be a maximizer of max(kt)Tt=0

{∑T
t=0 qt(k)

}
s.t.

∑T
t=0 qt(k)kt∑T
t=0 qt(k)

= k. Under

stationarity, we have k∗t (k) = k for all t. Therefore,

1− F (k) = lim
T→∞

T∑
t=0

(
t−1∏
τ=0

δF(1)(R
−1(k))

)(
1− F(1)(R

−1(k))
)

= lim
T→∞

1− δT+1F(1)(R
−1(k))T+1

1− δF(1)(R−1(k))

(
1− F(1)(R

−1(k))
)

=
1− F(1)(R

−1(k))

1− δF(1)(R−1(k))
= 1− F∞(R−1(k)).

Therefore, for a given c and k, we now have WI(c) = k(c)(1− F (k(c)))−mS(c) and

WS(c) = mS(c)−qS(c)c. Using incentive compatibility (19) andWS(c) = 0 by individual

rationality, the objective given c becomes

αWI(c) + (1− α)(WI(c) +WS(c)) = k(1− F (k))− cqS(c)− α
∫ c

c

qS(x)dx.

Substituting qS(k) = 1−F (k) and integrating after reversing the order of integration in

the double-integral then yields the objective function

max
k(c)

∫ c

c

[k(c)− Γα(c)] (1− F (k(c)))g(c)dc (21)

52One of the advantages of using the ultimate conditional expected revenue is that it avoids the
problem of a standard conditional expected revenue with a time preference interpretation of discounting:
for any positive constant per period probability of sale, the seller eventually trades with probability 1,
so that conditioning on trade occurring would not be a useful concept.
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with

Γα(c) := c+ α
G(c)

g(c)
.

Observe that monotonicity of Γ(c) implies monotonicity of Γα(c). The integral can be

maximized pointwise by choosing k such that

0 = −f(k(c))
[
Φ(k(c))− Γα(c)

]
,

which is equivalent to k(c) = Φ
−1

(Γα(c)). This is a monotone function and thus incentive

compatible. Moreover, the second-order condition for a maximum is satisfied whenever

the first-order condition is satisfied if Φ(v) is monotone.

This means that the optimal allocation rule is such that trade takes place as soon as

Φ(k) ≥ Γα(c). (22)

Let k∗(c) := Φ
−1

(Γα(c)). Since F (k) = F∞(R−1(k)), Φ(k) = Φ̃(R−1(k)). According to

(22) trade should take place as soon as v ≥ R−1(k∗(c)), which because of the afore-noted

equalities and the monotonicity of Φ̃, is equivalent to Φ̃(v) ≥ Γα(c) as claimed in the

lemma.

B Extension: Non-Stationarity

Assume now that the environment is described by known sequences δ = (δt)
∞
t=0 and

F = (Ft)
∞
t=0, where δt is the discount factor in period t and Ft is the distribution

from which buyers’ types are drawn in period t and that for all t, Φt(v) = v − 1−Ft(v)
ft(v)

is monotone in v. One example is the exponential discounting (or constant drop out

probability) δτ = δ considered so far. Another is exponential discounting up to a deadline

T after which the seller leaves the market for sure (δτ = δ for τ ≤ T and δτ = 0 for

τ > T ). Let πtB describe the arrival process of buyers in period t and denote by F(1),t(v)

and F(2),t(v) the distributions of the highest and second-highest draw in t. Expected

revenue given reserve p in period t, conditional on trade in period t, is then given as

Rt(p) =
∫ v
p Φt(v)dF(1),t(v)

1−F(1),t(p)
.
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Given a sequence k of expected transaction prices conditional on trade, the seller’s

ultimate probability of selling is still given as
∑∞

t=0 qt(k), where

qt(k) :=
(
1− F(1),t(R

−1
t (kt))

) t−1∏
τ=0

δτF(1),τ (R
−1
τ (kτ )).

Next define 1−F (k) := limT→∞ 1−F T (k), where 1−F T (k) is the maximum of
∑T

t=1 qt(k)

subject to the constraint (
∑T

t=0 qt(k)kt)/(
∑T

t=0 qt(k)) = k, as defined in the proof of

Proposition 2. At date 0, the objective function that accounts for incentive compatibility

provided the pointwise maximizer k(c) of the integrand is monotone is then still given

by (21), yielding the allocation rule allocation rule (22). Consequently, the functional

form of the expectational fees ω(k) under non-stationarity will be the same as under

stationarity. Hence, it is as given in Lemma 2 in the proof of Proposition 3. This also

implies that in the limit, as G converges to a mirrored Generalized Pareto distribution,

the optimal expectational fee will be linear as in the stationary case.

Although ωt(p) will in general vary over time because the environment is non-stationary,

the linearity of the expectational fees ω in the limit implies that the optimal transaction

fees will be linear in the limit too.

C Extreme Value Theory

Extreme Value Theory For the convenience of the reader, this appendix provides

a summary of the results of the theory of exceedences in extreme value theory that are

the most important ones for the purposes of our paper. This summary is the content of

Theorem 1 below. The theorem says that for any F that satisfies some weak regularity

condition,

lim
u→0

1− 1− F (v − u(v − v))

1− F (v − u(v − v))
= 1−

(
v − v
v − v

)β
=: F ∗(v), (23)

where convergence is uniform and β is some constant. The left-hand side of (23) is the

rescaled distribution conditional on being above the threshold v−u(v−v). According to

Theorem 1, this truncated and rescaled distribution converges to a Generalized Pareto

distribution F ∗ as the threshold v − u(v − v) goes to the finite upper bound v.
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The motivation for this theory was the empirical regularity found in many situations

that the upper tail of a distribution is well approximated by a (Generalized) Pareto

distribution. A prominent example is the distribution of the highest 20 percent of income

and wealth in many countries, which was first observed by Vilfredo Pareto.53 The theory

of exceedences within extreme value theory deals with the distribution of a random

variable conditional on being above a high threshold (for the original articles see Balkema

and De Haan (1974), Pickands (1975); for a textbook see Falk et al. (2010)).

The general principle is described by the Pickands-Balkema-de Haan theorem (also

called the second theorem of extreme value theory). For expositional simplicity, we

provide a simplified version of the theorem, which is sufficient for our purposes. See

Pickands (1975, Theorem 7) and Balkema and De Haan (1974) for the theorem itself. The

theorem establishes a connection between the behavior of the maximum of a distribution

and its upper tail. The relevant concept for the maximum is the domain of attraction:

Definition 1. A distribution F is in the domain of attraction of an extreme value

distribution if there exists a sequence of constants an > 0 and bn real for n = 1, 2, ...,

such that

lim
n→∞

[F (anx+ bn)]n = Fmax(x)

for every continuity point x of Fmax for some non-degenerate distribution function Fmax

(see De Haan and Ferreira, 2006, p. 4).

This means that for n independently and identically distributed random variables,

(max{X1, X2, ..., Xn} − bn)/an has a non-degenerate distribution as n goes to infinity.

The following theorem holds.

Theorem 1. (Simplified version of the Pickands-Balkema-de Haan Theorem) Assume

F has a finite upper bound and f(v) > 0 for all v ∈ (v, v). Then F has a Generalized

Pareto upper tail, formally

lim
u→0

1− 1− F (v − u(v − v))

1− F (v − u(v − v))
= 1−

(
v − v
v − v

)β
, (24)

53Other examples include the distribution of the strength of earthquakes in historical data (which tend
to contain only the most severe earthquakes); and for the discrete type variant of the Pareto distribution
– Zipf’s law – the distribution of the frequency of the most common words in a larger text and the sizes
of the largest cities in most countries.
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for some constant β, where convergence is uniform, if and only if F is in the domain of

attraction of an extreme value distribution.

The left-hand side of (24) is the rescaled distribution conditional on being above the

threshold v − u(v − v). The right-hand side is the cumulative distribution function of a

finite upper bound Generalized Pareto distribution.

Proof of Theorem 1. See Theorem 7 in Pickands (1975). Note that for our setup (v finite

and f(v) > 0 for all v ∈ (v, v)) the definition of F having a Generalized Pareto upper

tail given in Definition 4 in Pickands (1975) simplifies to (24).

The literature on extreme value theory states several sufficient conditions for a dis-

tribution to be in the domain of attraction of an extreme value distribution. We state

the one most suitable for our purposes.

Theorem 2. Assume F has a finite upper bound. F is in the domain of attraction of

an extreme value distribution if the von Mises condition

lim
v→v

d

dv

[
1− F (v)

f(v)

]
= β, (25)

for some constant β, holds.

Proof. See, for example, Theorem 1.1.8 in De Haan and Ferreira (2006, p. 15).

As stated in the literature, even this sufficient condition is weak and is satisfied by all

“textbook” continuous distributions, such as uniform, Beta, bounded Generalized Pareto,

inverse Weibull and (for the infinite upper bound counterpart of the condition) the

normal, exponential, Cauchy, and infinite upper bound Generalized Pareto distribution.

Often, the Generalized Pareto distribution is defined with the parametrization

F ∗(v) = 1−
(

1 +
ξ(v − µ)

σ

)−1/ξ

.

For ξ < 0 the distribution has a finite upper bound and corresponds to the parametriza-

tion used in this paper with v = µ, v = µ − σ/ξ, and β = −1/ξ. For ξ ≥ 0, it has an

infinite upper bound and lower bound µ. One obtains the exponential distribution as
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a special case as limξ→0 F
∗(v) = 1 − e−(v−µ)/σ. For ξ > 0 and σ = µξ one obtains the

classical Type I Pareto distribution F (v) = 1− (µ/v)1/ξ. For ξ > 0 one obtains the Type

II Pareto distribution.

For infinite upper bounds, convergence can be stated as(
1− 1− F (u+ x)

1− F (u)

)
− F ∗u (x)

u→∞→ 0,

for some Generalized Pareto distribution F ∗u . See the above mentioned references for

more details.

Note that the characteristic property of Generalized Pareto distributions is that the

inverse hazard rate is linear: [(1 − F (v))/f(v)]′ = ξ. The special cases can be seen as

the inverse hazard rate decreasing (bounded Generalized Pareto distribution), constant

(exponential distribution), and increasing ((Non-Generalized) Pareto distribution). ξ <

0 corresponds to the common monotone hazard rate condition (that is, f(v)/(1− F (v))

is increasing). ξ < 1 corresponds to Myerson’s regularity condition Φ′(v) > 0 and is also

necessary to ensure that the distribution has a finite mean.
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